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Abstract 



We study the asymptotic behaviour of doubly periodic instantons with square-integrable curvature. 
Then, we estabhsh the equivalence given by the Nahm transform between the doubly periodic instantons 
with square integrable curvature and the wild harmonic bundles on the dual torus. 

1 Introduction 

Let T := C/L, where L is a lattice of C. The product T x C is equipped with the standard metric dz dz + dw dw, 
where (z, w) is the standard local coordinate of T x C. In this paper, we shall study an i^-instanton {E, V, h) 
on T X C, i.e., the curvature F(V) satisfies the equation AF{h) — 0, and it is L^. 

There is another natural decay condition around oo. That is the quadratic curvature decay, i.e., |i^(V)|^^ = 
0(|m;|"2). M. Jardim [26] studied the Nahm transfo rm of some kind of tame harmonic bundles on the dual 
torus to produce instantons on T x C satisfying the quadratic curvature decay. O. Biquard and Jardim [S] 
studied the asymptotic behaviour of such instantons with rank 2. Based on the results, the inverse transform 
was constructed in [37], i.e., the Nahm transform of such instantons on T x C to produce some type of tame 
harmonic bundles on . See also [35] and [29) . 

It is our purpose in this paper to generalize their results. Namely, we will study the asymptotic behaviour 
of L^-instantons, and establish the equivalence between the L^-instantons on T x C and wild harmonic bundles 
on T"". 

1.1 Asymptotic behaviour of L^-instanton 
1.1.1 The dimensional reduction due to Hitchin 

Briefly speaking, our goal is to show that an i^-instanton behaves like a wild harmonic bundle around oo. For 
the explanation, let us recall the dimensional reduction due to Hitchin. Let U be an open subset of C. Let 
{V,dv) be a holomorphic vector bundle on U with a Higgs field 9. Let h he a hermitian metric of V. We have 
the Chern connection Wyji = dv + dv,h- We have the adjoint 9^ of 9 with respect to h. The tuple (V, dy, h, 6) 
is called a harmonic bundle, if the Hitchin equation F{\/v,h) + [&,()^ = is satisfied. 

Let p : T X U — > U be the projection. We have the expression 9 — f dw and 9^ ~ f dw, where / is a 
holomorphic endomorphism of V , and p is the adjoint of /. We set {E, He) P*{V, h). Let V^; be the unitary 
connection given by Vb = p*{'^v,h) + f dz — f^dz. Then, {E, /i_e, Ve) is an instanton, if and only if {V, dv, h, 9) 
is a harmonic bundle. Indeed, we have the equivalence between harmonic bundles on U , and T-equivariant 
instantons on T x [/, which is due to N. Hitchin. 



1.1.2 Example and Remarks 

We set U := [w ^'C\\w\ > i?}. We shall make R larger without mention. Let a be any holomorphic function 
on U. We have the harmonic bundle £(a) obtained as the tuple of the trivial line bundle Ou e, the trivial metric 
/i(e, e) = 1 and the Higgs field da. By using the dimensional reduction, we have the associated instanton. Its 
curvature is d'^adwdz + d^adzdw, which is if and only if it has quadratic decay. 

We can obtain more examples by considering a ramification along oo. We set J7,, := {77 G C | |?7| > i?^/^}. 
We consider a harmonic bundle C{a), where o is a holomorphic function on [/,,. Let tp : Ur/ — > U be given by 
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ip(rj) — rf' . We obtain a harmonic bundle (/3*£(o) on U obtained as the push-forward. It is easy to check that 
the associated instanton is if and only if rj~^a{r]) is holomorphic at oo. In that case, the curvature F satisfies 
the decay condition 0(|w|~'^/^). If o = ar; for a 7^ 0, we have < Ci < \F\ \w\^/^ < C2 for some constants Ci. 
More generally, for any positive integer p, we set [/^^^ :— {wp G C| \wp\ > i?^/^}. For a covering ipp : 
give by ipp{wp) = and for a holomorphic function a on U^p\ we obtain a harmonic bundle 
tpp^,C{a) on U. The associated instanton is if and only if (p*{w)^^a is holomorphic at 00. If a is a polynomial 
of Wp, then it is described as a condition on the slope degj„^(a)/p < 1. In that case, the curvature F satisfies 

0{\w\^^^^^P). It is easy to construct an example satisfying < Ci < |F| < C2 for some Ci > 0. 

Let {E,dE,0,h) be a wild harmonic bundle on U. As the above examples suggests, the L^-condition and 
the quadratic decay condition can be described in terms of the eigenvalues of the Higgs field. If we take an 
appropriate covering ipp : we have a holomorphic decomposition 

^;{E,e)^ {E,,e,) (i) 

such that 6a — da are tame. The harmonic bundle is called unramificd, if {E, dE,0,h) itself has a decomposition 
such as ©. We set Irr(6l) := {a| ^ O}. Then, by using the results in the asymptotic behaviour of wild 
harmonic bundles (38) . it is not difficult to show that the instanton associated to {E, dE,d,h) is L^, if and only 
if deg^,^(a)/p < 1 for any a G lrr(0). It satisfies the quadratic decay condition, if and only if the harmonic 
bundle is unramified, in addition. 

The condition can also be described in terms of the spectral variety of 9. We have the expression 9 = J dw. 

Let Sp{f) C C(^xU denote the support of the cokernel of Oc^xu Oc^xu- It induces a subvariety 

where ^ : x U — !■ x J7 be the projection. Then, the instanton associated to {E,dE,9,h) is L^, if and 

only if the closure of $(iSp(/)) in T x [/ is a complex subvariety, where U = U U {00} ■ 

1.1.3 Brief description of the asymptotic behaviour of L^-instantons 

Let {E,W,h) be an i^-instanton on T x [/. Let {E^Oe) denote the underlying holomorphic vector bundle 
on T X J7. By using a theorem of Uhlenbeck, we obtain F(V) — o{\w\^^). It implies that the restrictions 
{E^dE)\Tx{w} are semistable of degree 0. Hence, the relative Fourier-Mukai transform of [E^De) gives an 
O^vx [/-module whose support Sp{E) is relatively 0-dimensional over U. The first important issue in the 
study is to establish that Sp{E) is extended to a subvariety Sp{E) in T x [/ (Theorem 13.131) . We use an 
effective comparison of the spectrum of semistable bundles of degree and the eigenvalues of the monodromy 
transformations of unitary connections with the small curvature (Corollarv l2.13|) . and a result for extensions of 
a holomorphic map on a punctured disc to a projective space (Theorem 13. 2ip . 

Let TT : T X U — > U denote the projection. We fix a lift of Sp{E) to Sp{E) <Z C x U. Then, we obtain 
a holomorphic vector bundle V on U with an endomorphisni g, with an isomorphism 'k*V E such that (i) 
TT*dv + g dz — Oe, (ii) Sp{g) = Sp{E). By the identification E — t:*V, we obtain an T-action on E. By 
using the Fourier expansion, we decompose h into the T-invariant part and the complement. The T-invariant 
part naturally gives a hermitian metric hy of V. We shall prove that the complement and its derivatives 
have exponential decay (Theorem I3.14p . and hence {V, dy , hy , g dw) satisfies the Hitchin equation up to an 
exponentially small term (Proposition 13.16)) . 

Such a tuple {V, dy , hy , g dw) can be studied as in the case of wild harmonic bundles |38] with minor 
modifications. (See ^M) Thus, we will arrive at a satisfactory stage of understanding of the asymptotic 
behaviour of L^-instantons. For example, we obtain that the curvature has the decay 0(|w|~^~'') for some 
p > with respect to h and the Euclidean metric (Theorem 13. 171) . It implies that {E, dE,h) is acceptable, i.e., 
F{V) is bounded with respect to h and the Poincare like metric on T x [/. Hence, the holomorphic bundle 
{E, Oe) is naturally extended to a filtered bundle V^E on {T x U,T x {00}). 

We also observe that, we need only a weaker assumption on the curvature decay, if we assume the prolongation 
of the spectral curve. (See ^ 13. 41 ) 

In [S], Jardim and Biquard showed that an instanton of rank 2 with quadratic decay is a exponentially 
small perturbation of (V, dy,gdw, hy), which satisfies the Hitchin equation up to an exponentially small term. 
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Our result could be regarded as a generalization of theirs. But, the methods are rather different. To obtain 
a decomposition into the T-invariant part and the complement, they started with the construction of a global 
frame satisfying some nice property, which is an analogue of the Coulomb gauge of K. Uhlenbeck. Their 
method seems to require a stronger decay condition than L^, for example the quadratic decay condition as they 
imposed. We use a more natural decomposition induced by a standard method of the Fourier-Mukai transform 
in complex geometry, which allows us to consider L^-instantons, once we deal with the issue of the prolongation 
of the spectral curve. (See ^13. 31 ) 

As mentioned above, we shall establish that an i^-instanton is an exponentially small perturbation of 
(y, dy, hy, Ov) which satisfies the Hitchin equation up to exponentially small term. Interestingly to the author, 
we can obtain a more refined result. Namely, we can naturally construct a Hcrmitian-Einstein metric h'y of 
(y, g dw) defined on a neighbourhood of oo, from the L^-instanton. It is an analogue of the reductions 
from wild harmonic bundles to tame harmonic bundles studied in |38) . We consider a kind of meromorphic 
prolongation of the holomorphic vector bundle on the twistor space associated to T x C, then we encounter a kind 
of infinite dimensional Stokes phenomena. By taking the graduation with respect to the Stokes structure, we 
obtain a wild harmonic bundle. Relatedly, in this paper, we consider only the product holomorphic structure 
of T X C. From the viewpoint of twistor theory, the holomorphic vector bundle with respect to the other 
holomorphic structures should also be studied. The prolongation of the twistor family of the holomorphic 
structure is related with the issue in the previous paragraph. The author hopes to return to this deeper aspect 
of the study elsewhere. 

1.2 Nahm transform for wild harmonic bundles and L^-instantons 

As an application of the study of the asymptotic behaviour, we shall establish the equivalence between L^- 
instantons on T x C and wild harmonic bundles on given by the Nahm transforms, which is a differential 
geometric variant of the Fourier-Mukai transform. (See |3] and [35] for the long history of a various versions of 
the Nahm transforms.) 

Once we understand the asymptotic behaviour, the standard method allows us to construct the Nahm 
transform of L^-instantons of T x C to wild harmonic bundles on T^. (See §4.41 ) We can also construct 
the Nahm transform of wild harmonic bundles on to L^-instantons on T x C, by using the result on wild 
harmonic bundles on curves ([5H]j [H] and [12), although we need some estimates to establish the L^-property 
(see gnU). 

To study more detailed properties of the Nahm transform, we introduce the algebraic Nahm transforms for 
admissible filtered Higgs fields on {T^,D) and admissible filtered bundles on {T x C,T x {oo}), based on the 
Higgs interpretation of the Nahm transform. (See S[5l) It could be regarded as a filtered version of the Fourier 
transform for Higgs bundles studied in although we restrict ourselves to the case that the base space is an 
elliptic curve. 

We begin with the local versions in i.e., the local algebraic Nahm transforms A/"*^^"" and J\f°°^'-^ for 

admissible filtered Higgs bundles, which are analogue of the local Fourier transform for Z3-modules on in 
[l4] and [21] . They give an equivalence between the category of germs of admissible filtered Higgs bundles and 
the category of germs of admissible filtered bundles. Although we also give a refinement for good filtered Higgs 
bundles and good filtered bundles in ^5Al it seems easier to begin with the transforms for admissible ones. 

We define in fj5?2] the algebraic Nahm transform from admissible filtered Higgs bundles on {T^ ,D) to a 
meromorphic bundle on (T x P^, T x {oo}), by using the holomorphic counterpart of the L^-cohomology of wild 
harmonic bundles in ^8] . (It goes back to the theory of the L^-cohomology groups of singular variation of Hodge 
structures ^SSJ.) We use the local algebraic Nahm transform to enhance it with filtrations. Similarly, we define 
in H5.3l the algebraic Nahm transform for admissible filtered bundles by using the holomorphic counterpart of 
the L^-cohomology in ^14.21 and enhance it with filtrations by using the local algebraic Nahm transform. 

We establish the compatibility of the Nahm transform and the algebraic Nahm transform (Theorem lG.lll and 
Theorem I6.12p . Namely, the algebraic Nahm transform describes the correspondences between filtered Higgs 
bundles on and filtered bundles on T x induced by the Nahm transform. It is rather obvious to obtain the 
compatibility in the smooth part, which implies the comparison of the spectral curves. We need some estimates 
for the comparison of the parabolic structure, together with the comparison of the characteristic numbers. 
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We use the compatibihty to prove the inversion. For the algebraic Nahm transforms, it is rather obvious 
that the constructions are mutually inverse. (See Proposition 15.21] ) Then, we can deduce the inversion formula 
for the Nahm transforms (Corollarv l6.13l) by using the uniqueness of the Hermitian-Einstein metrics (resp. the 
harmonic metrics) adapted to the filtered bundles (resp. filtered Higgs bundles). 

As other applications of the compatibility, we can easily compute the characteristic classes of the bundles 
obtained as the algebraic Nahm transform, which allows us to obtain the rank and the second Chern class of 
the bundle obtained as the Nahm transform. The local algebraic Nahm transform leads us a rather complete 
understanding of the transformation of singularity data by the Nahm transform. 

Remark 1.1 If we consider a counterpart of the algebraic Nahm transform for the other non-product holomor- 
phic structure ofTxC underlying the hyperKahler structure, it is essentially a filtered version of the generalized 
Fourier-Mukai transform in |34| and |41| . Interestingly to the author, we have an analogue of the stationary 
phase formula even in this case. The details will be given elsewhere. I 

Remark 1.2 In this paper, we consider transforms between filtered bundles onTxP^ and filtered Higgs bundles 
on . We may introduce similar transforms for filtered Higgs bundles on with an additional work on the 
local Nahm transform Af°°'°° , which is an analogue of the local Fourier transform It .should be the Higgs 

counterpart of the Nahm transforms between wild harmonic bundles on , which is given by the procedure for 
wild pure twistor D -modules established in [38 . 

Relatedly, Sz. Szabo |50| studied the Nahm transform for some interesting type of harmonic bundles on P^ . 
He also studied the transform of the underlying parabolic Higgs bundles, which looks closely related with the 
regular version of ours in t ^5.2l K. Aker and he T introduced a transformation of more general parabolic Higgs 
bundles on P^, which they call the algebraic Nahm transform. Their method to define the transform is different 
from ours, and the precise relation is not clear at this moment. I 
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2 Semistable bundles of degree on elliptic curves 
2.1 Preliminaries 

2.1.1 Elliptic curve and Fourier-Mukai transform 

For a variable z, let denote a complex line with the standard coordinate z. For a C- vector space V and a 
C°°-manifold X, let y_x denote the product bundle V x X over X. If X is a complex manifold, the natural 
holomorphic structure of V_x is denoted just by d. 

We have a real bilinear map Cz x C,; — > M. given by (z, C,) i — > Im(zC). Let r = ti + \/— Tr2 (r,; G M) be 
a complex number such that T2 7^ 0. Let L := Z + Zr C Cx. In this paper, the dual lattice means the 
following: 





— {n -\- mr) n,m£'E 

T2 



We obtain the elliptic curves T := C and T"^ := C^/L"^. 

For any z/ G L^, we have pi, G C°°{T) given by Pu{z) ■ 
dzPv — PvV dz and dzPu — —p^vdz. 
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We can naturally regard as the moduli space Pico(T) of holomorphic line bundles of degree on T. 
Indeed, C gives a holomorphic bundle £^ = (Cj-, d + C,dz). It induces an isomorphism ~ Pico(T). We have 
the isomorphism <^ : ~ C.c,+v given by $(/) = p^i, ■ f. 

We have the unitary flat connection associated to £^ with the trivial metric, which is d — ( dz + C,dz. The 

monodromy along the segment from to x G L is exp|^ /o^(~Cx + Cx) dtj — exp(2-v/— 1 Im(Cx))- 

We recall a differential geometric construction of the Poincare bundle on T x T^, following [T^. On T x C^-, 
we have the holomorphic line bundle Voin = (Cj^xc^ i d+C ■ The L^-action on Tx is naturally lifted to the 
action on Voin given by iy{z, v) = (z, + p_^{z) . Thus, a holomorphic line bundle is induced on T x T^, 

which is the Poincare bundle denoted by Voin. The dual bundle Voin"^ is induced by Voin — (Cj-^Cc i ^~ C d^) 
with the action 1/(2, v) — (2, C + i/, p,y{z) w) . 

Let S be any complex analytic space. For / C {1, 2, 3}, let pi denote the projection of T x x S onto the 
product of the i-th components {i G I). For an object Ai G [Otxs) , we set 

RFM±(X) ■.= p2^,{pUM)®p\^Voin^^)[l\GD\OT^^s). 
For an object TV G D^(e'T^xs), we set 

RFM±(AA) := Piz*{pU^)®P*i2Poin^^) G D\Ot^s)- 
Recall that we have a natural isomorphism RFM_|- o RFM_(A^) ~ M.. 

2.1.2 Semistable bundle of degree 

For a holomorphic vector bundle {E^Oe) on T, we have the degree deg(£') := jrpCi{E) and the slope p{E) :— 
deg(i?)/ rank(_E). A holomorphic vector bundle i? on T is called semistable, if p{F) < p{E) holds for any 
non-trivial holomorphic subbundle F <Z E. In the following, we shall not distinguish a holomorphic vector 
bundle and the associated sheaf of holomorphic sections. 

Let i? be a semistable bundle of degree on T. It is well known that the support Sp{E) of RFM_ (E) are 
finite points. Indeed, E is obtained as an extension of the line bundles (C G Sp{E)). We call Sp{E) the 
spectrum of E. We have the decomposition E — ®aeSp(E) where the support of KFM^{Ea) is {a}. It 
is called the spectral decomposition of E. We call a subset Sp{E) C C is a lift of Sp{E), if the projection 
<& : C — > induces the bijection Sp{E) ~ Sp{E). If we fix a lift, an Oc-module A4{E) is determined (up to 
canonical isomorphisms) by the conditions (i) the support of M{E) is Sp{E), (ii) ^^Ai{E) ~ RFM_(i?). Such 
M (E) is called a lift of RFM_ {E) . The multiphcation of ^ on 7W (E) induces an endomorphisms of RFM_ (E) 
and E. The endomorphism of E is denoted by 

Let 5 be any complex analytic space. Let be a holomorphic vector bundle on T x S*. It is called semistable 
of degree relatively to S, if E\xx{s} are semistable of degree for any s G S. The support of RFM_(i?) is 
relatively 0-dimensional over S. It is denoted by Sp{E) , and called the spectrum of E. If we have a hypersurface 
Sp{E) (lC( X S such that the projection $ : C^; x S* — > T"^ x S induces Sp{E) ~ Sp{E), we call Sp{E) a lift 
of Sp{E). If we have a lift of Sp{E), we obtain a lift M{E) of RFM_(i?) as in the case that 5 is a point. We 
also obtain an endomorphism of E induced by the multiplication of C on A4{E). 

2.1.3 Equivalence of categories 

For a vector space V, let y_ denote the product bundle TxV over T, and let do denote the natural holomorphic 
structure of y. For any / G F,nd{V), we have the associated holomorphic vector bundle &{V, /) :— (F, do+f dJ). 
We have a natural isomorphism &{V,f) ~ <&{V,f + z/idy) for each 1/ G , induced by the multiplication of 
P-^. Let Sp{f ) denote the set of the eigenvalues of /. 

Lemma 2.1 (S{V, f) is semistable of degree 0, and we have Sp{^{V, /)) = ^{Sp{f)) in T^, where <& : C — > 
denotes the projection. 
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Proof We have only to consider the case / has a unique eigenvalue a. In that case, (5(V, /) is an extension of 
the line bundle Ca- Then, the claim is clear. I 

Let VS* denote the category of finite dimensional C- vector spaces with an endomorphism, i.e., an object in 
VS* is a finite dimensional vector space V with an endomorphism /, and a morphism (V, /) — > {W^g) in VS* 
is a linear map tp : V — !• W such that goip — ipof — 0. For a given subset s C C, let VS* (s) C VS* denote 
the full subcategory of {V, /) such that Sp{f) C s. 

Let VBQ'*(r) denote the category of semistable bundles of degree on T, i.e., an object in VBQ'*(r) is a 
semistable vector bundle of degree on T, and a morphism Vi — > V2 in VBQ'*(r) is a morphism of coherent 
sheaves. For a given subset s C T^, let VBq'*(T, s) C VBq'*(T) denote the full subcategory of semistable bundles 
of degree whose spectrum are contained in s. 

We have the functor & : VS* — > VBq''(T) given by the above construction. If s is mapped to s by the 
projection $ : — > T"" , it induces a functor © : VS*(s) — > VB^'(r,s). 

Proposition 2.2 // $ : C — > induces a bijection s ~ S, then © gives an equivalence of the categories 
VS*(s) ~ VBg'*(r,s). 

Proof Let us show that it is fully faithful. We set Ef := ©(V, /). We will not distinguish Ef and the associated 
sheaf of holomorphic sections. Suppose that / has a unique eigenvalue a such that a ^ modulo L^. Because 
Ef is obtained as an extension of the holomorphic line bundle Ca, we have H^{T,Ef) = H^{T,Ef) — 0. In 
particular, we obtain the following. 

Lemma 2.3 Assume that fi e End(V^) has a unique eigenvalue ai for i = 1,2. If ai ^ a2 modulo E^ , any 
morphism Ef^ — >■ Ef^ is 0. I 



Suppose that / is nilpotent. We have the natural inclusion V — > C°°{T,Ef) as constant functions. We 
have a linear map V — > C°°{T, EfiS^ft^'^) given by s 1 — >■ s dz. They induce a chain map l from Ci — {V — > V) 
to the Dolbeauh complex C°^{T,Ef ® of Ef. 

Lemma 2.4 i is a quasi-isomorphism. 

Proof Let W be the monodromy weight filtration of /. It induces filtrations of Ci and C°° (T , E f (gi n^ji* ) , and t 
gives a morphism of filtered chain complex. It induces a quasi-isomorphism of the associated graded complexes. 
Hence, t is a quasi isomorphism. I 

We obtain the following lemma as an immediate consequence. 

Lemma 2.5 Assume that fi e End(y) are nilpotent (i ~ 1,2). Then, holomorphic morphisms Ef-^ — > Ef^ 
naturally correspond to holomorphic morphisms 4> '■ Eo — ^ Eq such that f2 ° 4> ^ 4' ° fi = 0. 

In particular, if f is nilpotent, holomorphic sections of End(i?y) bijectively corresponds to holomorphic 
sections g o/End(i?o) such that [f,g] — 0. I 



The fully faithfulness of the functor & follows from Lemma 12.31 and Lemma 12.51 Let us show the essential 
surjectivity of 0. Let E £ VBq*(T, s). We have the Oc^-module Ai{E) and the endomorphism of E as 

in i)2.1.2l We have a natural isomorphism RFM+ o RFM_ (E) ~ E. The functor RFM+ is induced by the 
holomorphic line bundle on T x T^, obtained as the descent of Voin = (C, do + (dz). Let p and q denote the 
projections T x — !• T and T x Cq — > C(^. We have E ~ p^,{q*{A4) (E) Voin), and the latter is naturally 
isomorphic to (-ff°(C^, A^(i?)),9o + fc^^)- Thus, we obtain the essential surjectivity of ©. The proof of 
Proposition 12 . 21 is finished. I 

As appeared in the proof of Proposition 12.21 we have another equivalent construction of &. Let J\f'{V,f) 
denote the cokernel of the endomorphism ( idv^OQ ~/ on V^Oq. It naturally induces an Oj-v -module Af{V, /). 

We obtain RFM+ {Af{V, /)) , which is naturally isomorphic to ©(V, /). We obtain a quasi-inverse of © as follows. 
Let E' be a semistable bundle of degree on T. We obtain a vector space H^{T'^ , RFM_(i?)). If we fix a lift 
of Sp{E) to Sp{E) C C, then the multiplication of C induces an endomorphism gc_ of H^{T'^ ,Yl¥M_{E)). The 
construction of (i?"(T^, RFM_(£')), g^) from E gives a quasi-inverse of ©. 



6 



Let {E, Oe) be a semistable bundle of degree on T. Let s be a subset of C which is injectively mapped to 

Corollary 2.6 We have a unique decomposition Be = dE,o + f dz with the following property: 

• {E,dE,a) is holomorphically trivial, i.e., isomorphic to a direct sum ofOx. 

• f is a holomorphic endomorphism of {E^dEfl). We impose the condition that Sp[H^{f)^ C S, where 
H^{f) is the induced endomorphism of the space of the global sections of{E,dEfl). 

Proof The existence of such a decomposition follows from the essential surjectivity of 0. Let us show the 
uniqueness. By considering the spectral decomposition, we have only to consider the case s = {0}. Suppose 
that Be — d e o g <Iz is another decomposition with the desired property. Because / is holomorphic with 
respect to 9b, we have 9^ g/ = and [/, .g] = by Lemma 1^751 We put h = f — g, which is also nilpotent. The 
identity induces an isomorphism {E, dE,o + /i) — {E, g). Because © is fully faithful, we obtain /i = 0. I 

The family version We have a family version of the equivalence. Let S be any complex manifold. Let 
TTs ■ T X S — > S denote the projection. Let VB*(S') denote the category of pairs {V, /) of coherent locally free 
Cs-module V and its endomorphism /. A morphism {V, f) — > {V , /') in VB* (S) is a morphism of O^-modules 
g : V — > V such that fog = go f . Such (V, /) naturally induces an Oc,; x5-module M.{V, /). The support is 
denoted by Sp{f). When we are given a divisor s C x S" which is finite and relatively 0-dimensional over S, 
then YB*ls,s) denote the fuU subcategory of {V, f) G VB*(S') such that Sp{f) C s. 

Let VBg*(r X S/ S) denote the full subcategory of OrxS-modulcs, whose objects are semistable of degree 
relative to S. When we are given a divisor s C x S which is relatively 0-dimensional over S, then let 
WBl'{T X S/S,s) denote the full subcategory of £; e YB^^^T x S/S) such that Sp{E) C s. 

Let y be a holomorphic vector bundle on S with a holomorphic endomorphism /. The C°°-vector bundle 
TTg^V is equipped with a naturally induced holomorphic structure obtained as the pull back, denoted by do. 
We obtain a holomorphic vector bundle <S{V,f) := {ng^Vjdo + fdz). By Lemma l2.ll © gives a functor 
VB*(S') — > YBg^T X S/S). If we are given s C x S" and its hft s C C^; x 5", it gives an equivalence of the 
categories VB*(S',s) — > YB'^'IJ x S/S,s). 

We have another equivalent description of &. Let (V,/) € VB*(5'). We have the naturally induced 
Cc^xS-module M{V, /), which induces an xs-module J^{V, f). We have a natural isomorphism ©(F, /) ~ 
R¥M_{N{VJ)). 

If we are given s C x S* with a lift s C C.^ x 5, for an object E £ VBo''(T x S/S, 5), we obtain a 
Cc^xS-module M{E) such that (i) the support of M{E) is contained in s, (ii) ^^M{E) ~ RFM_(i;). The 
multiplication of C induces an endomorphism of RFM_(i?), and hence an endomorphism of Trg* (RFM_ (i?)), 
denoted by gc^, where ns ■ x S — > S. The construction of {tts* RFM_ g,^) from E gives a quasi-inverse 
of©. 

2.1.4 Differential geometric criterion 

We recall a differential geometric criterion in terms of the curvature for a metrized holomorphic vector bundle 
to be semistable of degree 0. Let {E, Oe) be a holomorphic vector bundle on T with a hcrmitian metric h. Let 
F{h) denote the curvature. W use the standard metric dzdz of T. 

Lemma 2.7 There exists a constant e > 0, depending only on T and ranki?, with the following property: 

• // < e, then {E,dE,h) is semistable of degree 0. 

Proof The number deg(£') = /TrF(/i) is an integer. We have J|TrF(/i)| < |T|ranki?e, where \T\ is the 
volume of T. Hence, we have / TrF(£'^) = 0, if e is sufficiently small. For any subbundle E' C E, by using the 
decreasing property of the curvature of subbundles, we also obtain deg(£") < 1 and hence deg(i?') < 0. I 
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2.1.5 Small perturbation 

We use the metric dzdz of T. For any finite dimensional dimensional vector space V, let L^{V) be the space 
of y-valued L^-functions on T, and let L^{V fi*'^) be the space of l^-valued L^-differential («, j)-forms. We 
have the linear map Jj, : L^iV) — > V given by / := / \dz dz\, where |r| denotes the volume of T. 

The kernel is denoted by L^{V)q. We have a natural inclusion V — > L^{V) as constant functions. We have 
the decomposition L^{V) — L^(y)o © V as topological vector spaces. 

Suppose that V is r-dimcnsional and equipped with a hermitian metric hy- Let p > 2. Let Q^(V) be the 
space of LP_^2-maps from T to Gh{V). We set ^1{V) := {do + A\Ae Ll^j^(End{V) (g> ft^^'^)} , i.e., the space of 
(0, l)-type differential operators of the product bundle V_ of the form Oq + A {A d L^^-^(End(y) ® 57°'^)). We 
have the natural right fj^-action on 'Qi^(V) given hy g • d :— o d o g — d + g^^dg. 

Let F be an endomorphism of V which is commutative with its adjoint F^^, i.e., it is diagonalizable and, the 
eigen spaces are orthogonal with respect to hy- Let Ui C L^^2(End(y))o be a sufficiently small neighbourhood 
of such that 1 + [/i C G^- Let U2 be a neighbourhood of in End(y). We consider the map : Ui x U2 — > 
21^(1/) given by 

^-(0, 6) := (1 + a) . (do + {T + b)dzy 

We use the norm on L^^2(End(V^)) such that i^_|_2(End(V^)) ~ Ll_^_^{End{V))o End{V) is an isometry, 
and the norm on L]^^^(End(F)) such that L^^^(End{V)) — > L^^j^{End{V)), Ai — > dQA + J^, ^ is an isometry. 

Proposition 2.8 Suppose that there exists (^q G C* such that Sp{T) is contained in 

KiiLXo) :-{CeC|0<Im(C-Co) < (1 - l/2r)7r, < Im((C - Co)r) < (1 - l/2r)^}. 

Then, there exist positive constants Ci {i — 1,2), independently from F and C^o, such that the following holds: 

• ForBe L^_^^ (End(T^) <g) r2°^i) with \B\ < Ci, there exists a unique (a, b) e Ui x U2 with \a\ + \b\ < C2 \B\ 
satisfying do + T dz + B dz = ^'(a, 6) . 

Proof We set K{L) := {C € C | |Im(C)| < (l-l/2r)7r, IMCt)] < {l-l/2r)n}. We have 5p(ad(F)) C K{L). 
In the following, Ci will be positive constants which are independent from F and Co- 

We have a morphism $ : Ll^^{End{V)) = Ll^^{End{V))^ ® End(V^) — y Ll^^{Eiid{V) (g) given by 

B) ^dA+ [F, A]dz + B dz, 

where A G Ll_^_^{ET^d{V)) and B G End(V^). Similarly, we set $o(^,B) = dA + Bd:z. By our choice of the 
norms, $0 is an isometry. We have |$^^ o <I) — id | < C3 and |$~-^ o $0 — id | < C3, independently from F. 
We set Aia, b) := ^{a, b) - *(0, 0) G Ll^^ (End(F) ® , i.e., 

A{a,b) = (1 + a)"i(9oa+ [r,a]) + Ad(l + a) fecfz. 

We have |y^(a, 6)| — 0(|a| + |6|), independently from F. The derivative rj^ ;,)^ of ^ any {a,b) £ Ui x U2 is 
given by 

T^aM'^iX, Y) = Y) + [Aia, b), (1 + a)-^X] - [*(0, 0), (1 + a)-'aX] + (Ad(l + a) - l)Y. 

Hence, we obtain an estimate |$~^ o T(^a,b)'^ — id| < C4(|a| + Then, the claim of Proposition 12.81 follows 
from the classical inverse function theorem. I 

Corollary 2.9 ^' gives a diffeomorphism of a neighbourhood of (0,0) inUiX U2 and a neighbourhood of do+Edz 
zn^liV). I 
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2.2 Frames 
2.2.1 Preliminary 

We set Ui := {{xi,X2) | < < l} and U2 := {(Ci, ■ • • ,Cn-2) | < l}- Let Tq = RVZ^. Let Ui x U2 — > 
To X U2 denote the natural projection. We also use the variables ti = Xi (i = 1, 2) and ti = ^i-2 {i = 3, . . . ,n). 
We also use x = xi, y = X2- 

For a positive integer A;, let 5*1 (fc) := { (mi, 7712) | mi +m2 = fc}, and 6*2 (fc) := {(mi, . . . , m„_2) | '^i = ^} • 
We set S{ki,k2) := 5'i(A;i) x 52(^2). We put := 11 and := Yl^f: ■ We put Afi(fc) := \Si{k)\ and 
iV(fci,A;2) :=^i(fci) X 7V2(fc2). 

Let F be a vector space. For / e C°°{Ui x f72, 1^), we set 



Dt'D^if) (arc/ I ("^i'"^2) e ^(fci,fc2)) G C°"(i7i X [/2,y^('=^ 



Formally, we set D^f := / € C°°{U\ x J72, 1^). We use similar notations for the functions on Tq x U2 and 
[0,1] X U2. 

2.2.2 Orthonormal frame 

Let i? be a topologically trivial C°°-vcctor bundle on To x U2 with a hermitian metric h and a unitary connection 
V. Let F denote the curvature of V. For a frame v of E, let = X]"=i "^^i denote the connection form 
of V with respect to v. We put := dti + dt2 and ^A" := X;r=3 -^F'^ti- Similarly = E ^Tj ^^^i t^^i 
denote the curvature form with respect to v. 

Fix a positive number M. Let e be a small positive number. Assume that \D^^ D^'^ F\h < e for any 
ki,k2 < M. 

Lemma 2.10 // e is sufficiently small, there exist an orthonormal frame v of (E,h) on Tq x U2 and anti- 
hermitian diagonal matrices A^^^ , A^^^ such that the following holds: 

(Al) [A(^),A(!')] = 0. 

(A2) Let K be X or y. For any eigenvalue a of we have < a < 2-k. 

(A3) YA" - A| < |£>*i(U'')| < Ce^/^ and \DI^D'1^{^A")\ < Ce for any < ki < M and 1 < ^2 < M, 

where A = A^^^ dx + A^^^ dy. 

(A4) \D^^ D^^H^^A")] < Ce for any 0<kuk2<M. 

Here, the constant C may depend only on rankiJ and M. 

Proof We shall indicate an outline of the construction, although it is elementary. We say that a quantity V 
is 0(e), if P < Ce for some constant C which may depend only on VBjakE and M. Let [a, 6]z denote the set of 
integers k such that a < k < b. For j > 1, let Hj be the subset of Ui x U2 determined by the condition ti = 
{i e [1, j]z). We set Hq := ;7i x i72. 

Let u be an orthonormal frame of Tr*{E,h) on Ui x U2 satisfying Vt-U = on Hi-i for any i. We have 
Ap = on Hp-i by the construction. For j < p, we have dtjA^ = F^^ on Hj-\. For a monomial P of 

dt^^,,. . . ,at„, we have d^+^PA^ = df^PF^p on Hj_i. Hence, for j <p and for a monomial P = 9™' 
satisfying mi + m2 < M and Xli>2 — obtain = 0(e) on -ffj-i by a descending induction. In 

particular, we obtain D^'D^'^A'^ = 0{e) for any (fci, fc2) G [0, M]|. 

Let G^"^ : Hi — > {7(rank£') be determined by M|(i,y,^) — ti|(o,y,^)(j^^^(y, ^). By the equation 

St,G(-)(i2, . . . , t„) - G(-)(f2, . . . , tn) AJ|(i,,,,...,,„) + G(-)(i2, . . . , tn) = 0, 

we obtain |L)1G(^)| + IZ^IG^^'^I = 0(e). By an easy induction, we obtain |£)^i£>|=G(^)| = 0(e) for any (^1,^2) G 
[0,M]2\{(0,0)}. We also have iG^^Kv,^) - G^-\y' ,^')\ = 0{e). 
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Let G^y\x,^) be determined by = M|(:r,o,c) G^^^a;, €)• Similarly, we have \D^^D^^G'^y^ = 0(e) 

for any (^1,^2) G [0, M]| \ {(0, 0)}, and \G^y'^{x,$) - G'^y\x' ,^')\ = 0{e). Because G'-y\0,$)G''''^l,^) = 
G(=^)(0,OG(^)(1,€), we have [G(?^)(0,0),G'(^)(0,0)] = 0(e). 

By applying Lemma[2J0]below to G("^)(0, 0) and G'^y^O, 0), we obtain G^^) and G^^^ such that [&'=\&y'>] = 
and |G(^) - G(^)(0,0)| = ©(e^/^) and \G^y^ - G(?^)(0,0)| = 0(ei/2)_ 

We take A(^), A^f) e u(ranki;) such that exp(A(=")) = G^"^), exp(A(2')) = G^?') and that (Al) and (A2) are 
satisfied. We put := exp(— a; A*^^^) , g^y\y) :~ exp(— y A*^^)), and g{x,y) :— g^^\x) g'^y\y)- We obtain an 

orthonormal frame u' ■~ug{x,y) oiTT*{E,h). Let A' := A"'. We have \ A' - A\ = 0{e) and \D^^D'^^A'\ = 0(e) 
for any (^1,^2) G [0, A'/]^ \ {(0, 0)}. 

Let G'(^)(y,|) and G'^y\x,$) be determined by 

^ '"1(0,^,4) ^''■"^H^'^)' '"■1(2^,1,1) = '"■Kx,o,4) ^'^^H^'^)■ 
WehaveG'(^H2/:^)=£'^^Hy)~^G(^'(y,^)(G(''^)"^5'^Hy) and hence |G'(^) - l| 0(ei/2). We have 
dG'^^^ ^g^y\y)-UG(^^\y,^) {G^^'')-' g^^^Ky) - [g^^Hvy'dg^yHy), (G'^^^-l)]. 

Hence, we have \dIG'^=''>\ = 0{e^/^) and ID^G"^''^] = 0(e). By an easy induction, we obtain ID^^G'^""^] = 
0(e^/2) and iDjiD^'G'f^)! = 0(e) for (^1,^2) S [0, Af]z x [l,M]z. We have similar estimates for G'^y\ 

Let x(2^) be a non-negative valued G°°-function on [0,1] such that x(^) = (x < 1/3) and xi^) = 1 
(x > 2/3). We put h2{x,y,^) := x(a;) exp-^ (G'(^)(z/. ^)) • % construction, we have \D^-'h2\ = 0(ei/2) for 
A:i e [0,M]z, and \D^'D^^h2\ = 0(e) for (fci,fc2) G [0,A/]z x [l,M]z. 

Let 32 exp(/i2), and we set it" := m'52- Let A" = . Wc have A" ~ g2^A'g2 + g2^dg2- Hence, we 
have |U" - A| = 0(ei/2), |i:)^i(i^")| = 0(ei/2) and |Z3^iD|-^ (U")| = 0(e) for (fci,A:2) G [0, A/]z x [1, Af]z. We 
also have \Dl^Df{^A")\ = 0(e) for (/ci,fc2) G [0, A//]2. 

We put G"(a;,^) 52(0;, O,!)"' G'(a;, |) 52(0;, 1, |). We have G"(a;,^) ixj'(^ ^ = ^ G"(a;,|). We have 
\G"{x,(,) - l| = 0(ei/2), |£i^iG"| = 0(ei/2) and \Di^DfG"\ = 0(e) for (fci,fc2) G [0, Af]z x [l,Af]z. 

We put 53 := exp^x(?/) exp~^ (G"(x, ^))^ , and := u" g^. Then, it naturally gives an orthonormal frame 

of {E,h) on Tq X U2- By construction, we have the desired estimate for the connection form A'". Thus, the 
proof of Lemma [2.101 is finished. I 

2.2.3 Partially almost holomorphic frame 

We identify the G°°-manifolds Tq := C^/Z^ and T by the diffeomorphism Tq given by {x, y) 1 — !• x + ry — z. 
We have the description A = Tdz — T dz, where A is as in Lemma [2. 101 Let := V(9z) and :— \'{dz)- For 
a frame w, let Af and A^ be determined by = w A^ and V^ii; — w A^ , respectively. Let H{h, w) denote 
a function from T x J72 to the space of rank(£^)-th positive definite hermitian matrices, whose (i, j)-entries are 
h{wi,Wj). When a function f on T x U2 is regarded as a function / : U2 — > L^{T), we obtain an ]R>o-valucd 
function |1/|1lp(|) := WfiOhuT) on U2. 

Proposition 2.11 If e > is sufficiently small, there exists a frame u of E on T x U2 with the following 
property: 

• A^ is constant along the T -direction, and |A" — Fj = 0(e^/^). 

• M^ + r|Lp =0(ei/2) and\\D^A^\\.p 0(e) /or /c G [1, Af]z. 

. \\DieA-)\\ -0(e) /or fcG [0,Af]z. 

Moreover, \\H{h,u) - iW^i^^^ = 0{e^/^) and \\DlH{h,u)\\Li^^^ = 0(e) for k G [1, A-f]z. 
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Proof Let V be as in Lemma I^HTl We have V^v = v{T + N)dz, where \\N\\lp^^ = ©(e^/^) and \\D^N\\lp^^ = 
0(e). By Proposition 12. 8[ there exist functions a : U2 — > ^m+i (^^i-ank£;(C))g and b : U2 — > Afi.ank£;(C) 
satisfying the following: 

. ||a|Up^^^ = 0(ei/2) and = 0(e) for k e [l,M]z. 

• |6| = 0(ei/2) and \D'lb\ ^ 0(e) for k G [1,M]. 

• (1 + a) • (V2,o + (r + fo) cf^) = Vz, where V^^o is given by W^mv = 0. 

Let u v{l + a). By construction, we have V^i* — u{T + dz. The other estimates for and ^A^ are also 
satisfied. Because H{h,u) — \l + a)(l + a), we obtain the estimate for H{h,u). I 

Remark 2.12 If A^ is constant along the T -direction, such a frame w is called a partially almost holomorphic 
frame, in this paper. I 



2.2.4 Spectra 

Let denote the holomorphic bundle on T given by i?|Tx$ with y-\Tx^- According to Lemma 12. 7[ if e is 
sufficiently small, are semistable of degree for any ^ G 1/2- We have the spectrum Sp{E^) C T^. We 
regard it as a point in Sym'"T^, where r :— rankiS. The point is denoted by [Sp{E^)]. Let F be as in ^ 32.2.31 
The eigenvalues of F gives a point in Sym'' C, denoted by [5p(F)]. The quotient map $ : C — > induces 
Sym'' C — > Sym'^ , denoted by $. Recall that Sym'' is naturally a smooth complex manifold. Let dsym'' 
be a distance induced by a 0°°-Riemannian metric. 

Corollary 2.13 There exist eo > and C > such that the following holds if e < eo-' 

dsy,nrT-{[Sp{E^)],<f[Sp{T)]^ < Oei/2 

Proof Let it be a frame as in Proposition 12.111 Recall that Sym*^ C is naturally a complex manifold. We 
take a distance dsym'-c induced by a 0°°-Riemannian metric. We have dsym^ c{[Sp{T)], [Sp{A^)]^ < de^^^. 
There exists Co G C such that Sp{r) and Sp{A^) are contained in Ki{L, Co)- Note that the restriction of $ to 
Sym"^ _firi(L, Co) is Lipschitz continuous, and the Lipschitz constant is uniform for Co- Then, the claim of the 
corollary follows. I 



2.3 Estimates 
2.3.1 Preliminary 

We continue to use the setting in §2.21 Let r :— rank£'. We impose additional assumptions. 
Assumption 2.14 

• e is sufficiently small so that E^ is semistable of degree for any ^ e C/2 - 

• We are given a point t g Sym'^ C such that (i) £ is contained in Syra!^ Ki{L,C,o) for some Co € where 
Ki{L, Co) is as in §2T5l (it) dsym- {[Sp{E^)], $(fi)) < Oe^/^ where $ : Sym"" C — > SymJ' is induced 

Let Z C he the minimum of the subset Z' C Ki{L, Co) such that { E Syrn^ Z'. For 1/ E Z, let m(i') denote 
the multiplicity of v in J. Let Fq be the diagonal matrix ^^^11(1^)- Let A be as in Lemma r2.10l By Corollary 

I2.13[ we may assume A = Toctz — Todz, under z ^ x + ry. 

We have the spectral decomposition E^ = ®^/gyv Es.,v' ■ Let E^^^ be the direct sum of E^^i,' , where v' is con- 
tained in e^/^-ncighbourhood of v. We obtain a decomposition E^ = -^".C- induces a 0°°-decomposition 
E = E^, which is compatible with V-. We may assume that the partially almost holomorphic frame u 
in Proposition 12 . 1 1] is compatible with the decomposition. 
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We have the decomposition V- — V-.o + / such that (i) V-.o)|tx{|} are holomorphicahy trivial, (ii) 
(/) = 0, (in) dsym'- c{[Sp{f)] , t) — 0(e^/^). For each ^ e [/2, we obtain the vector space of the holomorphic 
global sections of (£', Vz,o)|tx{|}- It is easy to see that £ U2) naturally gives a C°°-vector bundle V, 

and that we have a natural isomorphism p*V ~ i? as C°°-bundles. We identify them by the isomorphism. A 
C°°-section s of p*V is constant along the T-direction, if and only if V-^qs = under the identification. It can 
be regarded as a section of V. We have the decomposition V = ©^g^ ^z, corresponding to E = ®^^z ^i^- 

2.3.2 Space of functions 

Let C^'LIj.^ denote the space of C^-functions U2 — > L\i{T). Let C^'L'l^,^[E) denote the sections / = 
^ fiUiOi E such that fi S C^^ L^j^j ^, where u = {ui) is a frame as in Proposition l2.11l It is independent of the 
choice of u. We have the naturally defined integration fj, : L\j ^{E) — s- C^'^{U2, V). The kernel is denoted 
by C'l^^M x(-^)o- Similar spaces are defined for End(i?) and Hom{Ei, Ej). We set 

CtLlU^nd{E)y 0C7^^({/2,End(V.)) 
Ct LlU^ndiE))^ Cf L^,,,,(End(£;.))^ e C^' Ll,JUomiE., E,)) 

We have a decomposition C^'^ Llj^^{End{E)) = C|^L^^^(End(£;))° ® C^^i5;,^^^(End(i;))^. For any s e 
C^^L^jjj, (End (£')), the corresponding decomposition is denoted by s = s° + s-^. We use similar notations 
for sections of End(i?) (E) VCj.^ . 

2.3.3 Some estimates 

Let M be a frame as in Proposition 12 . Ill We set H{h, u)i_j :— h{ui, Uj), and we obtain a function i?(/i, u) from 
T X [/2 to the space % of positive definite hermitian r-th matrices. Each entry is C^'^ L^j ^-class. Let Hi be a 
function of U2 to V. determined by (iJi)^ = J^H{h,u). Then, we have \Hi - I\ ^ 0{e^/'^) and \D^Hi\ = 0(e) 
for k G [l,M]z- Note that u' uHi also has the property in Proposition 12.111 So, we may assume that 
Jrp H(h, u) = I from the beginning. 

We set g := H{h,u). We have = 0{€^'^), WD^MlI,^, = 0(e) {k G [l,A^]z), and J^g = I. 

Lemma 2.15 There exist C > and eo > 0, such that \\g — < C \\F^\\j^p^ holds if e < eg. In particular, 

supyx{^} I5 ~ ^1 — O'II-F^IIl^ for some C > 0. 

Proof We put B := A". Then, we have A" = —g^^{^B)g + g^^dzg- Let Bzz be the matrix-valued function 
determined by F^-u = u Bz-. We have Bz- = dzA"!^ — d^A"^ + [A", A"] . Hence, we have the following equation: 

Bz-z = [g-^mg,r'^9\ " r^^dzig) + (r'^j?) ir^dzg) - [r'^Bg^B] ~ [B,r'dz9\ (2) 

Let b := g — L We have a polynomial (5(ti, i2, ^3) without constant and linear terms, whose coefficients depend 
on F, such that 

{dz + Sid{B))o{dz-adCB))b^^gBzz- ["B, B] + Q{b,dzb,dzb). (3) 
By taking the _L-part, we obtain the following 

{dz + ad(B)) o {dz - ad(*B))6 = -gB^z + Q{b, dzb, ckb)^. (4) 

We obtain 

(II&IIl^,^, + Wdzbh^^^^^ + wmiL^^J < C2\\FML^„^ + C2e'/^{\\bU.^^^ + WdzbU.^^^ + wmLi^J 

Hence, we obtain II &I I < ^3 ||Fjt.||^p^. I 
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Lemma 2.16 Let ai and 02 be sections 0/ End(i?)|Tx{$} • Assume that ai = and 02 =02- Then, we have 

/ h{ai,a2) < llailU^ ||a2||L2 ||(^i)|Tx{c}||i2- 
Jt 



Proof It follows from Lemma [2. 151 and H{h, u) ^ g. I 

Lemma 2.17 Let V be an endomorphism of E, and let denote the adjoint with respect to h. Let TZ (resp. 
TZ^ ) be the matrix representing V (resp. ) with respect to u. Then, we have 

{Tzr - (^)° + o{\n^\ \\fMl^) + o{\\FMh\^°\) 
(7^t)^ ^ (^)^ + o{\n^\ WF^ih.) + o{\\F^^h. |7^°|) 

In particular, we have |(7^+)-L| ^ |7^-L| +0(|7^| \\F^\\l2). 



Proof Let H = H{h, u). We have Tl'^ = H. Then, the claim follows from the estimate for H. I 

Lemma 2.18 For k e we have H^IsIIl^^, = o(E^=o ll-D|J^illLS.) • I 

Proof We obtain the estimate from by a standard inductive argument. I 

2.4 Modification to a commutative pair (Appendix) 

Let {X, d) be a metric space. Let S* C X be a finite subset. We fix eq > 0. 

Lemma 2.19 There exist a non-negative integer N < \S\ and a decomposition S — IJ^gA Sj with the following 
property: 

• If j ^ k, we have d{P, Q) > 90(lOO|S'|)^eo for any P e Sj and Q eSk- 

• We have d{P, Q) < 4(l00|S'|)^eo for any P,Q e Sj. 

Proof We make general preparations. In general, for a given finite graph F, let V^(r) denote the set of 
vertexes, and let C{T) denote the set of connected components of the geometric realization of F. We have the 
decomposition F = Uj(EC(r) connected components. We put to(F) := max{|V(Fj)| | j S C(F)}. 

For any positive number S and any finite subset T <Z X, we have a unique graph F(T, 5) with a bijection 
L : V(r{T, S)) ~ T determined by the condition. 

• P,Q e V{T{T, S)) are connected by an edge if and only if rf(t(P), l{Q)) < S and P ^ Q. 

For such a graph, we wiU not distinguish V{T{T,S)) and T. 

Let us construct a decomposition as in the claim of the proposition. For j = 0, 1, . . . , A'^, we shall inductively 
construct finite subsets S^i'> C X and graphs F^-?) such that V{T^^'>) = S^^\ until m(F(^)) = 1. 

We set S'(°) := S and F^") := F(S'(°\ lOOeo). Suppose that we have already constructed {S^^\t'^^'>) for 
j = 0, . . . ,i with to(F(^-') > 1 {j < I). If to(F(^'') — 1, we stop here. Let us consider the case to(F(^^) > 1. 
We have the decomposition 5*^^^ = UjeccrC!)) according to the decomposition of the graph F^^^ into the 
connected components. For each j € C{T^^^), we choose a point pj^^ e . Then, we define 

gH+i) |p^W g cIfW)}, r(^+i) :=F(5(^+i),100(100|5|)%). 

The inductive procedure finishes at some £. By the construction, we have a naturally defined map n.i : S'*^'-' — > 
S-^'+i) such that 7r,(P) = pj'^ € S'(*+i) for P e S^K They induce a map n : S — > S*'^'. For R £ S^'^\ we set 
Sji := Tr^^{R). By the construction, if P is contained in Sj^, we have 

d(P, R) < (100|5|)^-ieo + {100\S\f-^eo + ■■■ (100|5|)eo < 2(100|5|/-ieo 
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Hence, for Pi, Pa e Sb., we have d(Pi,P2) < 4(100|S'|)^-ieo- If ^'^ e S'i?,, (« = 1,2) with Pi 7^ P2, we have 

^(^'i, ^^2) > i?2) - - ^(^^2, R2) > 100(100|^|/-ieo - 8(100|^|)^-ieo > 90(100|5|)^"ieo. 

Hence, the decomposition S — lJ_R,gs(*) the desired property. I 

Let U{r) denote the r-th unitary group. 

Lemma 2.20 There exist positive constants ei and Ci, such that the following holds for any < e < ei. 

• For any e U{r) {i = 1,2) such that | [G'^), G^^^] | < e, there exist G^ e U{r) (i = 1,2) satisfying 
[G(i),G(2)] =0 and |gW-G«| <Giei/2. 

Proof In the fohowing, Ci are positive constants which depend only on r. We may assume that G'^^^ is diagonal, 
ae5p(G(i)) (^^a, with the eigen decomposition C — 0ag5p(G(i)) ^a- Applying LemmaHHllto the set 
5p(G(i)) with eo = e^^^, we have a decomposition iSp(G'-^^) = IJ/jgA Sk and a non-negative integer i < r with 
the following property: 

• We have rf(ai, ^2) > 90 {IQQrfe^/^ for e 5^^, with ki ^ k2. 

• We have d{a, (3) < 4(100r)^ei/2 for a,^ eSk- 

We obtain a decomposition C" = 0^,^^ ^fc' where Vk — 0„gs^ Vq. For each fc e A, we choose /3fe £ Sk- Let 
G(i) be 0fegA/3fe (0aeSfc ^")- construction, we have \G^^'> - G^^^j < C2e^/^. 

We have the decompositions G^^^ = Z^fceA '^'id G^^^ = S/c.meA ^i^L' according to = 0fegA^fc- 
Because jG^^^G^^) - G(2)g(i)| < e, we have \G^k.lG^k.L ^ GkLG^r!i]m\ < Gge. Because the difference of the 
eigenvalues of g\^\ and Gm]m is dominated by Cie^^^ from below, we obtain |g[,^^J < C^e^^'^. We also obtain 
\Gk,i X^ki) - l| < C'ee^/^- Hence, we can find G^^^' E U{i-ankVk) such that jcg' - G^^j < Gre^/^. We put 
G^'^' 0fcgA G^k,k- Then, we have |G(2)' - G^^')] < Gge^/^ and [G^^)'^ g(i)] = q. I 

3 Estimates for L^-Instantons 
3.1 Preliminary 

Let T be a complex number such that Imr > 0. Let P be a complex torus obtained as the quotient of C by a 
lattice Z + Z r. Let z be the standard coordinate of C. It also gives a local coordinate of a small open subset 
in P, once we fix a lift of the open subset in C. We shall use the metric dz dz for C and P unless otherwise 
specified. 

For any open subset W C C^, We use the metric dw dw on W , and the metric dzdJ+dw dw on P x T4^ unless 
otherwise specified. Let lu denote the associated Kahler form. For w S W, we put P^, := P x {w} C P x W. 

Let P be a complex G°° -vector bundle on P x with a hermitian metric h and a unitary connection V. 
Let P(V) denote the curvature of V. We shall often denote it simply by F. The (0, l)-part and the (l,0)-part 
of V are denoted by ds and Oe, respectively. The restrictions of (P, h) to are denoted by [Eyj.hyj). 

Recall that (P, V, /i) is called an instanton, if A^P(V) = 0. For the expression P(V) = F^zdz dz+F^wdz dw+ 
Fwzdw dz + Fwwdw dw, the equation is Fz-z + F^w — 0. We have the following equalities: 

(V^V--f V^V^)P^^ = -(V^V--F V^V:^)P^- = [Fzjs.F^-] (5) 
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3.1.1 Hitchin's equivalence 

Let us recall the relation between harmonic bundles on an open subset W C C^, and instantons on T x 
due to Hitchin. Let {E,dE,h,d) be a harmonic bundle on W. Let V'^ := Oe + Oe be the Chern connection. 
Let 6^ be the adjoint of 9. Let p : T x W — > W be the projection. The pull back p*{E,V^, h) is denoted by 
(-El, V\/ii). We set V := + fdz- fUz. Then, {Ei,V,hi) is an instanton onT xW. 

Conversely, let (i?2, V^, /12) be a T-equivariant instanton on T x W. By considering T-equivariant sections, 
we obtain a vector bundle EonW such that ~ i?2. It is naturally equipped with a connection V° such that 
p*V° — V^, where v denotes a natural horizontal lift of a vector field on W. By using the T-equivariance of V^, 
we have the expression — p* V° = p* f dz — p* pdz, where / is a section of End(£^). Then, {E, dE,h, f dz) is 
a harmonic bundle. In summary, we have the following. 

Proposition 3.1 (Hitchin) Harmonic bundles on W naturally correspond to T-equivariant instantons onTx 
W. I 

3.2 Local estimate 

Let t7 be a closed disc {w \ \w — wq\ < l} of C. Let {E, V, h) be an instanton on T x U. 

Assumption 3.2 We assume that |_F(V)| < e for a given positive small number e. We also impose Assumption 

[HI I 

Note that we also obtain \D^^ F\ < Ck^^k2^, where Cki,k2 is a constant depending only on (^1,^2). 
3.2.1 Estimates of the _L-part of the connection form 

Let M be a partially almost holomorphic frame as in Proposition l2.11l We also assume that H{h, u) — I, as 
in i|2.3.3l Let A be the connection form of V with respect to u. Let Bz- represent F^- with respect to u. We 
use Bzw and B^-g in similar meanings. 

Let y be a vector bundle with a hermitian metric hy on U. Let n : TxU — > U be the projection. Let p> 2. 

For a section / of ■k*V onT x U, let ||/||p denote the function on U given by ||/||p(it;) — ( Jtx{w} \ f\hv) 



'wzWp) 



Lemma 3.3 We have \\Ai\\p = 0{\\F^-\\p) and \\dwAi\\^ = 0{\\V^F^-\\p) + 0{e\\Fl 
Proof Because d^A- — d^A^ + [Aj^,, A-] ~ B^-, we have the following equalities: 

chAi + [A^, Ai] = -Bi^ (7) 
Then, we obtain the first estimate. We also obtain the following equation: 

d-zdyjA^ + \_A—, dyjA'^']^ = —dyjB'^-g — \^dyjA—^ 
Because d^A^ — 0(e), we obtain the second estimate. I 



Lemma 3.4 We have \\A^\\p = o(\\F^^\\^ + \\F^\\p + \\V^F^^,,j, 



We also have 



\d^A^\\^ - 0(||V^f4|1p + + \\F^\[p + \\V^F, 



zzWp 



Proof We set g := H{h,u). We have A^ ~ —g ^{''■A^jg + g ^(Jijr5- Hence, the first claim follows from Lemma 
13.31 Lemma [2.151 and Lemma [2. 181 We have S^A^^j — dwA^ + [A^, ^tir] = ■Smiuf- Hence, we have 



Wd^A^Wp = 0{\\(krAi\\p) + 0{\\A^\\p + \\Ai\\p) + 
Then, the second claim follows. 
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3.2.2 Estimate of the _L-part of the curvature 

Let V he a, vector bundle with a hermitian metric hy on T x U . Let tt : T x U — > U he the projection. For a 

/ \ 1/2 

section f oiV onT x U, let ||/|| denote the function on U given by I Jj, |/|^^^ ) • For sections / and g of V, 
let {{f,g)) denote the function on U given by Jj, hv{f,g). 

Proposition 3.5 We have the following: 

+ 0[e\\F^^r + e\\F^^\\ + ,|| V^F^H \\F^^\\ + e\\V^F^^\\ \\F^^\\) 

+ V^^^.ill ll^^.ill + e\\F^^f + e\\F^^\\ || V^F,i||) (8) 

Proof We have the following equation: 
We have 

-(V,„V^Fi,i^i) = -(V^V^F,^, F^^) + {V^V^Ft^, F^) 

Let us consider the estimate of (V„,V:uri^°-, F^). The endomorphism V ^V^F°-^ is represented by the following 
with respect to u: 

We have the following estimates: 

{{d^d^B%,Bjg)),^ - 0{\\d^(hTBt4^ 11^411, ||F,i|| J (9) 

= 0[\\AiU Wd^Bt^U WBi^Wh) + o{\\[Al,ckjBtg]\\^ p^^^ J (10) 

{{[d^A^,BU = {{[d^A^,BU Bi^))^ + {{[d^A^.,BUBig))^ 

^0{\\B:^h\\d,,A^U\\Bi-U)+0{\\[d^A2,,B:^^^^^^ (11) 

B^))^ = OiWd^Bt^U WA^Wh WB^k) + 0{\\[A^,d^B:g]\l \\BMh WF^h) (12) 

{{[A^, [A^,Btg]\ , 64)), = 0{Ui\\k \\A^h \\BMh) + 0{\\AiU UUh WB^h \\BMh) 

+ 0(P4|U. \\AIU \\BMh \\BM + o{\\Al\l \\A2,\\^ \\b:4^ ||64||, ||F,i||) (13) 

We obtain the following estimate for (y^V^F°g,F^) from ©-((TSl) with Lemma l3^ 

((V^V^F;-,F,i)) = 0(e \\F^-\\' + e \\F^^\\ \\F,i\\ + e \\\/^F^-\\ \\F^-\\ + e ||V^F,i|| \\F^-\\) (14) 

We have 

- ((V„VwF,^,F,i)) - ((V.V^F,^, F^)) + {{[Fz^,F.^^], F^)) = -((V^F,^, V^F.i)) + (([F,^, F^J, F^)) (15) 
We have 

- ii^A, V^F.i)) = -((V^Fi, V^F.i)) - ((V^F;^, V^F.i)) 

= -((V^Fi, V^F.i)) + 0(|| V^F,°^|| II V^F^II ||Fi||) (16) 
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We also have the following: 

F^i)) = o{\\[f:^, KJii ii^^iii \\FzM\) + o{\\f:^\\ wf^^w ii^^iii) 

+ 11^^411 \\fM) + 0(||f4|| 11^^411 ll^^.ill) (17) 

We have a similar estimate for the contribution of — {{F^, ^mtV^F^)) . In all, we obtain the claim of Proposition 
1331 I 

Proposition 3.6 We have the following inequality: 

A^llF^lp < -llV^F^lp - ||V,f4||2 - ||V.„f4|P - HV^F^lp 

+ 0(e 11^411 \\FM + e||V^F4|| IIF^II + e||F4|| \\F^^\\ + e\\V^FM \\F^^\\) 

+ 0(e|| V^F^ill + e\\F^^\\ (18) 

Proof We have the following: 

-d ^1 p-LP — _|v— F-P - Iv _ (v V— F- F^)-(F^ V— V F^) flQ) 

'-'w'-^]-^ zw I I V I ^ V w-i- zw\ \_v^v^-i , -i zw ) zwT ^ w ^ w'- zw j y^'^J 

We have 

~ w^wFzw7 F^Tfjj) = ^{^w^ujFzwj -PziJj) + (^tu^sw-^ztFi -^zIf) (20) 

Let us look at the contribution of (V^VurF°^, F^). Let Bzw express Fzw with respect to u as in the proof of 
Proposition l3.5l Then, \7^,\7—F°— is represented by the following: 

dwdw^zw'''' \pwA-^^ ^zwl [^Wj S^i^zuj] + [^UJ 5 tfe^z,jlf] "I" \_^w, [^«7i ^2«j]] 

We have the following estimates: 

- iid^chrB:^, Bi^))^ = 0{\\d^<hTB:^\l \\Bi^\\^ ||F,i||) (21) 

{{[d^A^, B%1 Bi^))^ = o(^\[d^,A^,B%]\\^ \\Bi^\\^ ||F,i||) + o{^\d^,A^\\^ \\B%\\^ PU\h) (22) 
{{[A^,d^B%], Bi^))^ = pwBl4\^ \\Bi^\\^ ||F,i||) +o(||Ai.||, ||a.„S:^||, \\Bi^\\^ (23) 

{{[A^,chB%l Bi^))^ = o(||A°J|,||a^6:^|U||6f^||;,||F,i||) +o(pi||,||a,,S°^||,||^ (24) 

[^w, ^zut]] J = '^(ll^ilL II^^IL ll^zu'll/i ll^z^ll/i) ^(ll^tt'lL ll'^^IL ll^°«'IL ll^z^ll/i) 

+ 0^||^j„ II ^ 11^4^11^ 11^2^11 ^ ||i3^:jjj||^^ + O^ll^j^, II ^ ||yl:jjj-||^ ||Sj,^|| ^ IlK^^jjjII ^ II Fj^ll^^ (25) 
Hence, we obtain the following: 

((V.V^F;^,f4)) = o(e ||F,-L|| ||F,i||„ + e||V^F4|| ||F,-L||„ + e\\F^-\ |F,-L||, + 6||V^F,i||;, ||F,-L||„) (26) 
We have 

- ((V^V^F,^,f4)) = ((VzV^F,^,f4)) - 2(([F^^,F,^], F^)) 

= -{{^zFzw, ^^^F^w)) - '2{{[Fw,w, Fz^], Ft^)) (27) 
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We have 

= - ii^A, V^F.i)) + O ( 1 1 [V^F°^] 1 1 1 1 V^f4 1 1 1 1 1 1 ) (28) 

We also have 

{{[Fww, Fzw], FzTu)) = ( 1 1 -^loiu 1 1 II^zjuII ||-^2jn||) +^(||^tiiw|| II^zjTtII ||-^z' 



^^1 

zw 



^(\\Fww\\ \\Fzw\\ \\Fzw\\^ 0{\\[FwW1 FzwlW \\Fzw\\ II II ) (^^) 



We have a similar estimate for the contribution of — V^Vui-F^^)- In all, we obtain the desired estimate 
(UHl). I 

Proposition 3.7 There exist C > and eo > such that the following inequality holds if e < eq: 

A.(||F,i|p + < -C[\\F^^r + ll^inlP) " c{\\VzF^^r + W^^F^iW + W^^F^^W + W^wF^j.^) 

- c{\\VzF^^f + ||V^f4||2 + llV^F^f + ||V^i^4||2) (30) 

Proof There exist Ci > such that ||Vzs|| > Ci||s|| and ||V-s|| > Ci||s|| for any section of End(_E) such that 
s = . Then, the claim follows from Proposition 13.51 and Proposition 13.61 I 

3.2.3 Higher derivative 

Assume that H-F^iill^ + H-Fz^lP < for some S « e. For p < 1, we set U{p) = {w\\w ~ wo\ < p} C J7. 

Proposition 3.8 For any k,p, there exists C > such that 

II P-*- II < II p-*- II < cs 

Ir zz||lp(tx;7(p)) - \r zw\\li(t-ku{p)) - 

Proof It can be shown by a standard bootstrapping argument. We give only an indication. We take p < p' < 1. 
In the following, we shall replace p' with smaller one. Let k denote z, z, w and w. By Proposition 13. 7i we 
obtain \\V^F^\\l^txu{p')) = 0{6) and W"^ nF^\\L2(^Txu(p')) = 0{S). 

With respect to the frame u, the endoniorphism —Vw^wFzz is represented by 

- dn^ckuBzz - [dwA^, Bzz] ~ [Aw, d.^Bzz] + [A^,ckuB,z] + [A^, [Aw, Bzz]] , (31) 

and the endomorphism —'S/^'V—Fz- is represented by 

- dzdzBzz - [dzA-, Bzz] - [A-, d^Bz-] + [Az, d^Bz-] + [Az, [A-, Bz^]] . (32) 

The sum of ([3T|l and (|32|) is equal to [Bzw, B^z]- By looking at the ±-part of the equation, we obtain the 
following equation: 

The ±-part of (EH) + The ±-part of ^ = [Bzni, (33) 
By using Lemma [3^ and Lemma [Ol we obtain ||(9^(9u7 + '5zt^)'SiT||L2(Txt/(p')) ~ Similarly, we obtain 

\\{dyjd:nj + dzdz)Biy;\\i^2^TxUip')) " follows that 

\\F^\\l^txu{p')) + \\F^\\lhtxu{p')) = 0{S) 

l!^ft^zilUnTx(7(p')) + \\^kF^\\l^TxU{p')) = 0{S) 

By using Lemma [331 Lemma |3^ and (l33l) . we obtain \\{dwdw + dzdz)B^\\ ^^^^^.^jj^^,^^ = 0{S). Similarly, we 
obtain || (9^,9^7 + ^zi9z)'8^||^4(p^^(-p,-)-) = 0{6). By the same argument, we obtain the following for any p: 

WF^LPiXxUip')) + \\F^\\lp{TxU{p')) + I|VkFj^||lp(Tx(7(p')) + k,F^\\ LP(_TxUip')) = 0(5) 
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||(a^„^ + 9^ay)i34||iP(yxy(p,)) + \\{d^dw + d,d^)B^^\\^^^^^^^^,y^ = 0{5) 

Namely, we obtain \\F^\\lp(^txU(p')) + \\Fhu\\mTxU{p'y) = OiS). 

By the argument in Lemma [3.31 we obtain HA^H^p = 0{S). By the argument in Lemma [3.41 we obtain 
ll^^lli? = 0{S). By the relation dwAw- dwAn, + [Ani,Aw] = Bww, we obtain |l(9^A:±-||iP = 0{S). We also have 
ll^z^lli? = 0{6), which follows from Lemma [2.181 Then, we obtain 

||(5.^^ + 52^)^4ILp(Txt/(p')) " '^''^^ 

Hence, we obtain ||^;^|| rp/^p ^j, ,^^ = 0{S). Similarly, we obtain ll'B^llrp^T, rr, = 0{S). By the inductive 

argument, we obtain ||^ii|Lp(Tx;7(p')) + ll^^wlL^(Txt/(p')) = ^'^'^^ ' 
Corollary 3.9 For any k andp, there exists C > such that (/i, M)^||2,p(Txt/(p)) 1^ 

Proof It follows from Proposition |3i8] and Lemma [2. 181 I 



3.3 Global estimate 
3.3.1 Preliminary 

For i? > 0, we set Yr := {w e C | \w\ > R] and Xr := T x Yr. An instanton {E,V ,h) is called i^, if the 
curvature F :— FiV) is . We study the behaviour of L^-instantons around infinity. We suppose that {E, V, h) 
is an L^-instanton in this subsection. 

Lemma 3.10 There exists a constant Ci > 0, which is independent of {E,'V,h) such that 

1/2 



\Fiz,w)\<C\i\w\~R)-'n \F\^) 



Xr 

1/2 



In particular, if \w\ > 2R, we have \F{z, w)\ < 2Ci|w| ^ y J^^ \F^\ 

Proof It follows from the estimate due to Uhlenbeck [51]. I 
Corollary 3.11 There exists Rq > such that (£'«,, S^^) is semistable of degree for any w with \w\ > Rq. 
Proof It follows from Lemma [^771 and Lemma [3. 101 I 

Because we are interested in the behaviour around infinity, we may assume that {E^^dE^) are semistable 
of degree for any w G Yr , from the beginning. 

Lemma 3.12 For any 5 > 0, there exists Ri > such that \F{z,w)\ < 6\w\^^ if \w\ > Ri. 

( \ 

Proof If i?2 is sufRciently large, we have \\xr I^H < <^(2Ci)~^ Then, if \w\ > R2, we have \F{z,w)\ < 
i\w\ - R2)-^S/2. We can find i?i such that {\w\ - R)-^/2 < \w\-^ if |w| > I 



3.3.2 Prolongation of the spectral curve 

We consider the relative Fourier-Mukai transform RFM_ 9^), which is a coherent sheaf on x Yr. The 
support is relatively 0-dimensional over Yr, denoted by Sp{E). It is called the spectral curve of {E^Oe)- Let 
Y R be the closure of Yr in P^, i.e., Y r — Yr U {00}. 

Theorem 3.13 Sp{E) is extended to a closed suhvariety Sp{E) in x Y r. 
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Proof Let p denote the rank of E. We have the holomorphic map : Yr — > Sym''T^ induced by Sp{E). 
We have only to show that it is extended to a holomorphic map Y ^ — > Sym'' . We fix a closed immersion 
Sym'^T^ C P''^ for a sufficiently large N , and we regard as a holomorphic map Yr — > P^. Let d denote the 
distance of P^, induced by the Fubini-Study metric. 

We use a polar coordinate w = r e^^^^ for Yfj. We use the isomorphism R'^/Z ~ T given by (x, y) i — > x+ry. 
We take yo € R/Z and tq > i?. We set H{yo,ro) := {(a;, yo, ^o, ^) G -''^fi}- Let t; be an orthonormal frame 
of E on H{yQ,ro) such that V(9a;)i; = and V(96i)i'(o.e) = 0- Let G{9) : — > U{p) be determined by 
1^1(1, e) = ""^Ko.e) ^(0). We have doG(9) = Q{dx,de){0,yQ,ro,9). Recall that, for any (5 > 0, there exists Rq > 
such that \F\ < S\w\-^ ouXr^. Hence, if tq > i?o, wehave \deG{e)\ < S. We obtain that \G{ei)-G{e2)\ < CiS. 

By using the above estimate with CoroUarv I2.13[ we obtain that d((^(ro, <y5(ro, ^2)) < C2S. Hence, by 
Theorem 13.211 below, we obtain that (p is extended on Y^. I 

The intersection Sp{E) n (T"^ x {00}) is denoted by Sp^{E). 

3.3.3 Asymptotic decay 

We fix a lift of Sp{E) to a closed subvariety Sp{E)i C Yji x C^, which induces an action of C on RFM_ {E, Oe)- 
(See ^2.1\ ) Let be the corresponding holomorphic endomorphism of E. We set := Se — /(dz, which gives 
a holomorphic structure of E. For each w, the restriction of £' = (E, do) to x {w} is holomorphically trivial. 
It is naturally isomorphic to p*p*(f ), where p : Xn — > Yr denotes the natural projection. We obtain the 
decomposition h = h° + as in ^2.31 

Theorem 3.14 For any polynomial P(ti, ^2, ^3, t4), there exists C > such that 

P(V,, V-, Vw)/^^ = 0(exp(-C|w|)). 

Proof By Lemma 13.101 and Theorem I3.13[ there exists i?i > 0, such that Assumption 13.21 is satisfied for 
{E, V, h)\XB^ ■ particular, we can apply Proposition 13. 71 to (i?, V, h)\XR^ ■ We obtain the following inequality 
for some Ci > 0: 

We obtain the following lemma by a standard argument. 

Lemma 3.15 We have WF^W^ + \\F^f = o(exp(-C2|w|)) for some C2 > 0. 

Proof This is a variant of a lemma of Ahlfors ([2], [46]). We give only an indication. We put G |lP^|p + 
||Fjgj||2. We put /, := C3 exp(-2Cy Vl) + where e > and C3 > 0. We have the inequality A^,/, > -Cif^. 
If C3 is sufficiently large, we have > G on = For each e > 0, we have > G outside a 

compact subset. We put U := {■w\ /e(w) < G{w)]. Then, U is relatively compact, and we have /<: = G on 
the boundary of U. On U, we have Au,(G — fe) < —G{G — /e) < 0. By the maximum principle, we have 
supj/(G — /c) < maxa(7(G — /e) = 0. Hence, we obtain that U is empty. It means G < on Y/j for any e. We 
obtain the desired inequality by taking the limit e — > 0. I 

Then, the claim of Theorem 13. 141 follows from Corollarv l3.9l I 

3.3.4 Reduction to asymptotic harmonic bundles 

Let p : Xn — > Yr denote the projection. By using the push-forward of O-modules, we obtain a holomorphic 
vector bundle V :— p^£' on Yr. It is equipped with a Higgs field 9v ■— f^dw. For any Si G V|u, (i — 1,2), 
the corresponding holomorphic section of E'^j,^ is denoted by Si. We set hv{si, S2) := h(^i,S2)- We have the 

Chern connection dv + dv with respect to hy- Let 6y denote the adjoint of Oy- 

Proposition 3.16 There exists G > such that the following holds: 

F(hv) + [ev,el] = 0(exp(-G|u;|)). (34) 

Proof We identify p*V — £' . According to Theorem 13.141 the difference h — p*hv and its derivatives are 
0(exp(— Gi \w\)). (The constant Gi may depend on the order of derivatives.) We also have Oe = p*dv + f^dz- 
Hence, {p*V,p*dv + f(^dz,p*hv) satisfies A^F{p*hv) — 0(exp(— G2|w|)), which is equivalent to (p4|) . I 
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3.3.5 Estimate of the curvature 

Theorem 3.17 There exists p > such that the following holds: 

Wlh\ — n( dzdz \ / dwdw \ /■dwdz\ /dzdM\ 

^ ^ " V|u>|2(-log|u;|)2j ^ V|w|2(-log|u;|)2j +^VH^^ 

Proof We shall use an estimate for asymptotic harmonic bundles explained in §3.61 Let ip : Au — {\u\ < 
— y Yft, be given by fiu) ~ u'^. For the expression 9 = f(^dw = fQ{—eu~'^~^du), according to Theorem 
I3.13[ the spectral curve Sp{fc) C C x Y/j is contained in {|^| < R'} x Yr, and the closure in C x Y n is a complex 
variety. Hence, we may assume that ip*{E,dE,0) has the following decomposition as in ([35]): 

Moreover, we have deg„-i a < e for any a G lri{(p*9v)- 

We set {V ,dv',Sv',h') := (p^^{V,dv,dv,hv)- According to Proposition l3.16| it satisfies (|36l) . By Corollary 
13.251 we have 

\F{hv)\h = 0{\u\-\log \u\)-^dudu) 

Hence, we have \F{h)^^\h = \F{h),-\h = 0{\w\'^ {log \w\)'^) . 

We take a frame v of VaV as in ^ 33.6.21 Let Q be determined by f* fc^v = vQ. Let be determined by 
(f*{dw)v = vCw We have '^*{dwfQ)v ~ v (^ip*{dw)Q + [Cw,Q]). We have the expression 

e = 0(((y5*9t„a- e^^au'')Ia,a - e^^M'^Oca), 

where the entries of 0a, a are holomorphic at u = 0. The norm of the endomorphism determined by v and Qa.a 
is 0((log|w|)-i) by Proposition |3ll Note that (p*{d^) = -e-^u^+^du and ip*idl)a = 0(\(p* {w)\-^-p) for 
some p > 0. Hence, the contribution of ip*{dw)Q to (p*{dn]f) is dominated as 0{(p* |u'|~^~'') for some p > 0. Let 
Gw be the endomorphism determined by v and Cw By using Lemma [3 .2 71 we obtain [Gw, 'P* fcl = O (^ip* Iw]"^) . 
Hence, we obtain \dwfc\hv = 0{\w\^^^p) for some p > 0. Then, we obtain |F2:ijj|/i — = 0(|w|^^^'') for 

some p > 0. I 

Corollary 3.18 (E, Oe, h) is acceptable, i.e., the curvature F{h) is hounded with respect to h and the Poincare 
metric \w\^^ (log \w\)~'^ dw dw + dz dz on around T x {oo} . I 

3.3.6 Prolongation to a filtered bundle 

We set Xr := T X Yr. Because {E, Oe, h) is acceptable, we obtain the following from Theorem 21.31 of |38j . 

Corollary 3.19 The holomorphic vector bundle {E^Oe) is naturally extended to a filtered bundle V^.E on 
(Xfl,,Tx {(X)}). I 



We obtain the spectral curve Sp{VaE) C x Yr of VaE. It is equal to Sp(E) in Theorem 13.131 and 
independent of the choice of a € M. 

3.4 An estimate in a variant case 

We continue to use the notation in ij3.3l Let (i?, V, h) be an instanton on Xr. Let F — FiV) be its curvature. 
We suppose the following: 

• For any (5 > 0, there exists Rs > Q such that \F{z,w)\h < 5 for any |w| > Rg. In particular, we obtain 
Sp{E, Oe) C X YRg, if S is sufficiently small. 

• The closure of Sp{E) in x Yr^ is a complex subvariety. 

We denote the closure by Sp{E), and we set Sp^{E) :— Sp{E)r) (T^ x {oo}). We obtain the following theorem. 
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Theorem 3.20 Under the assumption, {E,\^,h) is an -instanton. 

Proof By the assumption, there exists i?i > 0, such that Assumption 13.21 is satisfied for {E,W,h)^x„^- In 
particular, we can apply Proposition 13.71 to {E,W,h)^Xj,-^- We obtain the estimate as in Theorem 13. 141 by the 
same argument. Then, we obtain estimates as in Proposition 13. 16l and Theorem 13 . 1 71 by the same arguments. 
In particular, {E, V, h) is an i^-instanton. I 

Theorem 13.201 implies that we can replace the L^-condition with a weaker one, under the assumption that 
the spectral curve is extended in an complex analytic way. 

3.5 Extension of holomorphic maps on a punctured disc 

In this subsection, we give a proof of a rather general extension property of some holomorphic functions from 
a punctured disc to a complex projective space, which is used in the proof of Theorem l3.13l 

Let d be a distance on P" induced by the Fubini-Study metric. For any P e P" and e > 0, let B{P, e) denote 
{Q G P" I d{P, g) < e}. Let S'^ := {w e C | \w\ = r} for < r < 1. 

Theorem 3.21 Let tp : A* — > P" be a holomorphic map with the following property. 

(P) For any e > 0, there exists Rq > such that, for any r < Rq, the condition P G ip{Sr) implies (p{Sr) C 
B{P,e). 

Then, ip is extended to a holomorphic map ip : A — > P". 

Proof Let us consider the hypersurface = {[0 : Ci : • • • : Cn]} C P". We naturally identify P" \ with 
C" = {(zi, . . . , z„)} by := Q/Co- For any C> 0, we put Uc := P" \ {(zi, . . . , z„) € C" | ^ \z,\^ < C}. For 
any < ri < r2, we set Sri,r2 •= {w G C | ri < < r2}. 

Let ip : A* — > P" be a holomorphic map satisfying the assumption of Theorem l3.21l Fix any C > 0. There 
exists K > such that for any P, Q e P" \ f/ioooc, we have K-^d{P, Q) < dc"(F, Q) < Kd{P, Q), where dc" 
is the Euclidean distance of C". We take a sufficiently small e > such that Upeyrooc -^(^'^) relatively 
compact in J/sooc- We also assume that Ke is sufficiently smaller than C. For such e, we take Rq > Q &s in the 
condition of Theorem 13.211 

Lemma 3.22 Let < ri < r2 < i?o. Lf p{Sri) U (piSr^) C C/500C, then ip{Sri^r2) C Uc- 

Proof We assume that there exists (p{Ss) ^ Uc for some s e [ri,r2], and we shall derive a contradiction. We 
set I :— {ri <r<s\ <p{Sr) C J/sooc} 7^ 0- We put p := supl. 

Let us observe that ip{Sr) n C/700C = for any r e [p, s]. Indeed, assume that (p{Sr) n [/700c 7^ 0, then there 
exists p' &]r,s] such that ip{Sp') n J/yooc 7^ 0, and hence p{Sp') C U^qqc- It contradicts with the choice of p, 
and hence we can conclude that ip{Sr) H C/700C = 0- 

We take r^ < p such that (i) (/'('S'ra) C C/500C, (ii) we have p{Sr) n C/ioooc — for any r e [rs,^]. Note that 
we also have ip{Sr) H C/ioooc = for any r e [ra, s] by the above remark. Similarly, we can take r^ g]s, such 
that (i) ^piSrJ C U500C, (fi) we have (^9(6'^) n C/ioooc = for any r G [s,r4]. 

Let ^r3,r4 denote the restriction of ip to Sr^.n- Because hmpr^^ri H C/ioooc = 0j we can regard ^ra.r^ as a 
holomorphic map Sr3,r4 — > C". 

Let Ip be the composite of ipra.n and the projection of C"^^ to Czi- By a unitary coordinate change, 
we may assume that ip{Srj) [j = 3,4) are contained in {\zi\ > 200C}. For any a > and Q € C, let 
Bc{Q,a) :— {Q' e C | dc{Q,Q') < a}. By applying a rotation, wc may assume that ipiSr^) C BciPi,2Ke) 
for a point Pi with arg(Pi) = 7r/4. We have P2 such that tlj{Sr4) C Bc{P2,2Ke). We consider the cases (i) 
7r/4 < arg(P2) < 37r/4, (ii) 37r/4 < arg(P2) < 57r/4. The other cases can be argued similarly. We use the 
coordinate x + \/— Ty of the target space C. 

(i) Both ipi^Sra) and 1^(8^) are contained in {x + y/—ly | y > 50C}. By applying the maximum principle to 
the harmonic function —y o tp, we obtain tp^Sr^^ri) {-^ + V~^y \ V ^ 50C}. 

(ii) Let P := 10C(— 1 + V— T). First, we consider the case P G Im(-0). There exists r €]?'3,r4[ such 
that (p{Sr) C Bc{P, I'Ce). By using the maximum principle of harmonic functions x o ip and — y o ip, we 
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obtain ip{Sr3,r) C {x + \/—ly \ y > C} and 4'{Sr,r4) C {a; + \^—ly \ x < — C}. In particular, we obtain 
Im(V') n {max(|x|, < C} = 0. 

We consider the case P ^ lui^ip). Then, applying the maximum principle to (z — P)^^ o we obtain that 
luit/jf] {zi\\P - zi\ < 80C} = 0. In particular, we have Im^-n {x + ^/^y \ max(|a;|, \y\) < C} = 0. Then, the 
claim of Lemma [3.221 follows. I 

By applying the same argument to any hypersurface , we obtain neighbourhoods of H 

H C Vi^H (E V2M (E Uh 

with the following property: 

• For any r < Rq, if (p{Sr) n Vi^h ^ 0, then ip{Sr) C V2m- 

• For any ri < r2 < Rq, if (f{SrJ,'p{Sr2) C V2M, then (^(S'^^^rs) C Uh- 

Let us return to the proof of Theorem 13.211 Let P be any point of P". We can take Hi, ... , iJ„ such that 
{P} = (IjLi Hj. We put Vi,p := 0^=1 Vi,h,, V2,p := V2,h, and Up fl^^i Uh,- Then, the following 

holds: 

• Let r < Rq. If ip{Sr) D V^p ^ 0, then (p{Sr) C V2^p C J7p. 

• Let < ri < r2 < Rq. If (^(^rj, <y5(S'r2) C V2,p, then '^(S'ri^ra) C L/p. 

Because P" is compact, we can find Pi, . . . ,Pn G P" such that P" — UjLi ^i,Pj- We immediately obtain 
Theorem 13.211 from the following lemma. 

Lemma 3.23 There exist rp > and Pj .such that ip{Sr) CI Up- for any r < rQ. 

Proof We have A* — IJjLi 'P^^{^i,Pj)- There exist Pj and an infinite sequence Wi £ f^^iVi^p. ) (i = 1, 2, . . . , ) 
such that (i) Wi — ^ 0, (ii) \wi\ > \wi+i\. Then, we have lp{S\tu.\) C V2,Pj, and hence </'('5'|u;i+i|,|ii'i|) C Up^. Then, 
the claim of Lemma [3.231 follows. I 

3.6 Asymptotic harmonic bundles 

In this subsection, we explain that some of the results for the asymptotic behaviour of wild harmonic bundles 
are naturally extended for Higgs bundles with a hermitian metric satisfying the Hitchin equation up to an 
exponentially small term. It is used in the proof of Theorem 13.171 

We put X := Az ^ {z e C\\z\ < l}, X := {|z| < 1}, and D := {0}. Let be the Poincare metric of 
X \ D. Let {E, Oe, 0) be a Higgs bundle on X \ D. We suppose that there exists a decomposition 

{E,9)^ (-B„.a,^„,a) (35) 

such that, for the expression Oa^a. — da -(- otdzj z -\- fa, adz/ z, the eigenvalues of fa,a{/^^ goes to when z — y 0. 
We put lrT(9) := {a | 3a such that Ea,a O}. 

For any o(z) = J2j>-N'^i'^'' '^ith a-jy 7^ 0, we set ord(a) := —N. We also set ord(O) := 0. Wc take a 
negative number p satisfying p < min{ord(o — b) | a, b € Irr(6'), o 7^ b}. 

Let ft, be a hermitian metric of E. Let 0^ denote the adjoint of 9 with respect to h. Let F{h) denote the 
curvature of {E, dE,h). We impose the following condition for some Cq > and eo > 0: 

F{h) + [e,e^] <Coexp(-eoNr) (36) 
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3.6.1 Asymptotic orthogonality and acceptability 

We have the following version of Simpson's main estimate. 

Proposition 3.24 Suppose that {E,dE,0,h) satisfies ([36|) . 

• If b, there exists e > such that Ea^a o.nd Eb.p are 0(^exp{—e\z\°'^'^^'^^'^^)^-asymptotically orthogonal, 
i.e., there exists C > such that, for any u,v £ E\q, we have \h{u,v)\ < Ci exp(— e|z((5)|™'^^°~''^) . 

• If (3, there exists e > such that Ea.a o,nd Ea.f3 are 0{\z\'^)- asymptotically orthogonal. 

• ^a,Q ~ (rfa + adz/z) iAe^ „ hounded with respect to h and the Poincare metric g^. 

Proof By considering the tensor product with a harmonic bundle of a rank one, we may assume p < 
min{ord(o) | a G Irr(6')}. We have a map 77^ : z^^C[2:^^] — > Ig := z^^C[z^^] by forgetting the terms 

J2j>-e+i'^j'^^ ■ ^'^^ each b G Ii, we set E^^ :— ®^^i^a)=b®aec ^a,a- Let iTa^ denote the projection of E 

onto -E^^' with respect to the decomposition E = ^ e'^^K In the case £ = 1, we omit the superscript (1) 

Let lir{0,£) be the image of lrr(0) by 77^. We take a total order <' on Irr(6',£) for each £ such that the 
induced map Irr(6', 1) — > lrr(0,^) is order-preserving. Let E'^j-^'^ be the orthogonal complement of ®j</t, E^ in 
®c<'ii -^c- '"^b^'' orthogonal projection onto E'^^\ In the case £ = 1, we omit the superscript (1). We 

havevr;^^^ =E^,(a)=b<- 

We put (i := rjg — rji+i. We have the expression 9 = fdz. We put /'^^ :— f — X^a 
j(^) _ dzCe{<^)'^a and TZ^^^ := 7r[,^'' — We consider the following claims. 

(Pi) |/(^')U = 0(|zr^'-i)forf >1 
(Qi) \ti^'">\h = Oi\z\-'') forf >1 

(Re) \TZ'-p\h = 0{exp{-C\z\-^')) for £' > £ and for b e Irr(6i,f ). 

The asymptotic orthogonality of Ea,a and E^.p (a 7^ b) follows from (i?i). 

In the proof of Theorem 7.2.1 of |38j. we proved the claims for a wild harmonic bundle by using a descending 
induction on £. The essentially same argument can work. We give an indication for a modification in this 
situation. 

We have the expression 9^ = f^dz. Let A := —dzdz- If a holomorphic section s of End(i?) satisfies [s, /] — 0, 
we obtain the following inequality from ([36|): 



Alog|s|2 <-MlflL + c'oexp(-eokn (37) 

Let /^^^^ denote the adjoint of /^^^ with respect to h. Suppose Pi+i, Qi+i and i?£+i. By applying (l37l) to f^^\ 
we obtain the following, as in (99) of |38) : 

Alog|/W|^<- l^^^^;;^,^l^ +Ci 
Then, by the same argument as that in §7.3.2-§7.3.3 of [35]; we obtain Pi and Qf. We put 

By applying (|57)) to 7ri^\ we obtain 



Alogfcl'^ < -^ + Coexp(-eokr) 
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There exists Ci > and i?i > such that the foUowmg holds for any \z\ < Ri: 

AeM-A\zn >-eM-A\zn {jA^\z\-'^'+'^) 

> -exp(-A|zr^)^A2Ci|zr2(^+i) + Cocxp(-eo|zr) (38) 

Hence, we obtain Rg by using the argument in §7.3.4 of [38]. Similarly, we obtain the asymptotic orthogonality of 
Ea,a and Ea,p {a ^ /3), and the boundedness of 9a,a — (da+adz/z) ids^^ by using the argument in §7.3.5-§7.3.7 

of isg with dnii). ' I 

We obtain the following corollary. (See §7.2.5 of [3S] for the argument.) 
Corollary 3.25 [E,dE,h) is acceptable, i.e., the curvature F{h) is hounded with respect to h and g^. I 

3.6.2 Prolongation and the norm estimate 

For any U C X and for any a G K, let 'PaE{U) denote the space of holomorphic sections s of E{U \ D) such 
that \s\h = 0(|z|^°^^) (Ve) locally around any point of U. According to a general theory of acceptable bundles, 
we obtain a locally free Ox-module VaE, and a filtered bundle V^,E — {VaE \ a E R). (See fj53]for a review of 
filtered bundles.) The decomposition ([55]) is extended to a decomposition of VaE: 

VaE = ^VaE^,^ 

We set VE -.^[jVaE and VEa,a ■= [j'PaEa,a- We set Gt'^{E) VaE/V<aE, which we naturally regard as a 
C-vector space. 

By Proposition l3.241 9 gives a section oiFind{VE)(E)^x, which preserves the decomposition VE = ^VEa,a- 
By the estimate in Proposition l3.24l 6a,a — (da + adz/z) id^^ ^ is logarithmic with respect to the lattice VaEa^a- 
Hence, we have the induced endomorphism Res(0o^Q,) of Gr^Sa.a, which has a unique eigenvalue a. We set 
Res(0) = ® Res(6'|j,Q). Let W Gt^{E) be the monodromy weight filtration of the nilpotent part of Res(6'). 

For each section s of VE, let deg^(s) := min{a | s G VaE}. For any g S Gr^ E, let deg^ (g) :— min{m | g e 
Wr,i}. Let V = (vi) be a frame of VaE which is compatible with the decomposition VaE — ^VaEa,a, the 
parabolic filtration and the weight filtration, i.e., for any a — 1 < b < a, each Vi is a section of a direct 
summand -En, a, the tuple v^''^ := {vi \ deg^ Vi = h) induces a base [v^^'>] := ([w-^'']) of Gr^ and the tuple 
([„(&)] I deg^vf^ = m) induces a base of Gr^ Gr^ i;. We set := deg^ (v,) and h := deg^ivi). 
Let ho be the metric of E determined by ho{vi,Vi) = \z\'^°'' (— log \z\)''' and hQ{vi,Vj) =0 {i ^ j). The following 
proposition can be shown by the argument in §8.1.2 of |38) . 

Proposition 3.26 h and ho are mutually bounded. I 



3.6.3 Connection form 

Let V he a frame of VaE, which is compatible with the decomposition VaE — ^VaEa,a, the parabolic filtration 
and the weight filtration. Let G be the endomorphism of E determined by G{vi) dz = dvi for i — 1, . . . , rankii^. 
We can show the following by the arguments of Lemma 7.5.5, Lemma 10.1.3 and Proposition 10.3.3 of |38) . 

Lemma 3.27 We have \G\h = 0(|z|~^). For the decomposition G = '-^(o,Q),(f'./3) according to E = ^i?o,a> 
we have the following estimate for some e > 0: 



\G{a,a),{b,l3)\f^ 



0(exp(-e|z|°'-'^(»-^))) (a^b) 
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We have the expression 9 — fdz. Let us consider dhf- Let Q be determined by fv = vQ. Let C 
be determined by dhV = vC. We have {dh.f)v — v(^dzQ + [C, 0]) and [G,f]v = v[C,Q]. We have the 
decompositions dhf = E(^'i/)(a,a),(b,/3) and dp = Y.{dp){a^a),{b,i3) according to = 0Sa,a- 

Corollary 3.28 Let m := min{ord(a) | a G lrr(0)}. If m < 0, have dsjif = 0{\z\~'^'^"''dzj with respect to h 
and dz dz. We have 



0(exp(-e|z|°'''i(°-'^))) (a^b) 
\zr^ (a=b, 

0(exp(-e|z|°'''^('-''))) {a^b) 



\{dE,hf)(a,a),{b,p)\h 

We also have the following: 

\(dEf^)(a,a),(b,l3)\h = 

Proof It follows from Lemma [3.271 I 
3.6.4 Some estimate 

Let i be a C°°-endomorphism of E. According to the decomposition E = ©-Eo.q, we have the decomposition 
t = X] *(a,a)(b,,g): where i(a,a),(fa,^) S Hom(i?ti,/3, -Eo.a)- Let C be the set of C°°-endomorphisms t such that the 
following holds for some e > which may depend on t: 



\tia,a),{b,l3)\h 



0{\z\' exp(-e|z|"d(c.-[>))^ ((^^ o,) ^ (j,^ 

0(1) (otherwise) 
Note that C is closed under the addition and the composition. 

Proposition 3.29 Suppose t and \z\'^dz(h:t are contained in C. Then, zdyt and'zdzt are also contained in C. 

Proof Let vj/ : M := {u e C I Imu > 0} — > {\z\ < 1} be given by = cxp(m). Because ^*t and dudu^*{t) 
are bounded, we obtain that du'^*t and du^*t are also bounded. 

In the following argument, positive constants e can change. We use the notation in the proof of Proposition 
[323 We clearly have 9^7r^^^ = 0. We have S^tt^^^ = O(exp(-e|z|-0) by Lemma[32Zl We also have c^9^7r|,^^ = 

[F{h),^^^]=0{eM-M-'))- 

We have the decomposition t — X^^i^l according to the decomposition E = 0i?a^'. We have t'^^\ = 
0(exp(— e|z|^^)) if o 7^ b. Hence, we have 

[t--r] = E«l-E<i = 0(exp(-.N-)) 

a=jtb a^b 

We also have \z\''d^dz[t,TTf] = [|z|2^a,t, ^^^^] + [zd^t,zd,n^^'^] + [t, Izpa^a.Tr^'^] = O(exp(-e|0|-^)). Hence, 
we obtain zdz[t,Trf^] = 0(exp(— e|z|~^)) and ^^^[i, tt^^^J = 0(exp(— e|z|~^)) . Therefore, we obtain zdzt^^\ = 
0(exp(-e|z|"^)) and zcht^^'l = 0(exp(-e|2;|-^)) for a 7^ fa. 

We have zdziTa.a = 0(|z|') and \z\'^dzdzT^a,a — by Lemma 13.271 Then, we obtain zdzt(^a.a),(b,p) = kl*^ 

and 'zdzt(^a,a),(a,i3) — kl'^ for a 7^ /3. If o 7^ fa with I = ord(a — fa), we obtain the desired estimate by using 

^- ' ' ' +W I 

*(a,a),(b./3) = TTa^a o V(a),^,(t,) ° ^^.^fl- ■ 
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3.6.5 Refined asymptotic orthogonality 

We obtain an asymptotic orthogonality of the derivative by assuming the following with respect to h and dz dz, 
in addition to (1551) : 

d^d.{F(h) + [0,e^]) = 0(exp(-eo|z|P)). (39) 

Let V he a, frame of holoniorphic VqE, compatible with the decomposition VqE — QVoEa^a, the parabolic 
filtration and the weight filtration. Let {ai,ai) be determined by Vi e VoEai^at- We say that a matrix valued 
function B — (Bij) satisfies the condition Ci, if the following holds for some e > which may depend on B: 



Bij 



0{\zY exp(-e|z|-d(a.-a,))) ^ (^^.^ ^^.)) 

0{\vi\h\vj\h) (otherwise) 



Let H be the matrix valued function determined by Hij — h{vi,Vj). Lemma 13.271 implies that zdzH and zdzH 
satisfy the condition Ci . 

Proposition 3.30 {\z\'^dzdz)'^H satisfies the condition Ci. 

Proof Let G{A) denote the endomorphism determined by v and a matrix-valued function A. By Lemma l3.27[ 
we have 

G{H-^zdzH),G{H-^zdzH),G(H^\dzH),G(H^hdzH) £ C. 

Because G{zck(H~^ zdji)) = \z\^F{h) e C, we have G(H~^\z\^dzdJl) eC. 

We have the expression 9 — f dz. We have dzdz[f, /^] = [[F{h)-z^z, f], P] + [dzf, dzp] ■ It gives an estimate 
for dzdz[f, P] by Corollarv l3.28[ from which we can deduce that \z\'^dzdz{\z\'^F{h)) £ C. By Proposition l3.291 we 
oht&m zdz{\z\^F{h)) e C andzdz{\z\^F{h)) e C. We obtain G(za^(zay(i7~^za,i7))), 0(29^(29^(77^^29^77))) e 
C. We obtain G(H^\zdz)^zdzH),G(H~hdzizdz)^H) € C. Then, we obtain G(H'\zdz)^izd^H)) G C from 
\z\'^dzdzi\z\'^ F{h)) e C. It implies the claim of the lemma. I 

Corollary 3.31 {zdz)'^H satisfies the condition Ci. I 

Remark 3.32 The estimate as in Corollary 13.311 will be used in the study for the extension of the associated 
twistor family, which will he discussed elsewhere. I 

4 L^-instantons on T x C 

4.1 Some standard property 
4.1.1 Instantons of rank one 

Let {E, V, h) be an i^-instanton on T x C with rankS = 1. 
Lemma 4.1 (i?, V,/i) is a unitary flat bundle. 

Proof Because ranki? — 1, we have (VzVy + ^ w^w)Fzz — and (V^V^ + ^ iu^w)Fzw = 0. We obtain the 
following inequalities: 

-(9^9^ + 9,9^)1^^,^!' < 0, -(9„^ + 9,9j)|F,^|' < 0. 

By applying the fiber integral for T x C — !• C, we obtain —dwdwWFz-W^ < and —dwdwWFzwW^ < 0. Because 
the functions and H-Fsr^jjp are on C^, they are 0. I 

Corollary 4.2 Let (_B, V,/i) be an L^-instanton on T x C of an arbitrary rank. Then, det(i?, V,ft.) is aflat 
unitary bundle, i.e., we have Tri^(V) =0. I 
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If we do not impose the L^-property, there exist much more instantons of rank one on T x C. 

(i) Let a be any holomorphic function on C. Then, the trivial holomorphic hue bundle Oc with the trivial 
metric and the Higgs field da gives a harmonic bundle C{a) on C. By the equivalence of Hitchin, we have the 
associated instanton on T x C. 

(ii) Let p be an R-valued harmonic function on T x C. Then, the trivial holomorphic line bundle OtxC e 
with the metric hp given by log /ip(e,e) — p gives an instanton C{p) on T x C. Note that there exist many 
harmonic functions which is not the real part of a holomorphic function on T x C. We can construct such a 
function by using a Bessel function lQ{r) = J^-^ cosh(ri)(t^ — l)~^/'^dt which satisfies Iq + r^^I'o — /q = 0. It 
is a C°°-function on R, satisfying Io{r) — Io{—r). In particular, k{w) := /oduil) gives a C°°-function on C 
satisfying {—dwdw + 4)k = 0. By using the Fourier expansion on T x C in a standard way, we can construct a 
harmonic function p on T x C from k such that p is not constant along T. (See [27J.) It is not the real part of 
any holomorphic function. 

In general, any instanton of rank one {E, dE,h) can be expressed as the tensor product of instantons of types 
(i) and (ii). Indeed, by considering the support RFM_ (i?, 9^), we obtain a holomorphic function C — > T^. 
Because C is simply connected, it is lifted to a holomorphic function b : C — > C. We have a holomorphic 
function a such that dwU = b. Then, we can observe that (E, Oe, h) is isomorphic to C{a) C{p) for a harmonic 
function p on T x C. 



4.1.2 Polystability of the associated filtered bundle 

Let {E, V, h) be an i^-instanton on T x C. Let {E, Oe) be the underlying holomorphic vector bundle on T x C. 
For a saturated O^xc-subsheaf T G E, let hjr denote the induced hermitian metric of the smooth part of T . 
Let F{hjr) denote the curvature. As in [5] and [IS], we set 



deg(^, h) := / Tr(AF(/i^)) dvolT> 

JTxC 



Let TTjr denote the orthogonal projection of E to F, where it is considered only on the smooth part of F. By 
the Chern-Weil formula [45], we have 



deg{F,h)^~( la^l^dvolT 



Lemma 4.3 deg(J^, h) is finite, if and only if (i) the degree of F\j'yi{w} fof O'IT'IJ w € C, (ii) F is extended 
to a subsheaf VqF ofV^E. In that case, we have deg(J^, h) ~ j^^pi par -Cj^ (7^*7^), where V^.F denotes VqF with 
the induced parabolic structure. 

Proof This type of claim is standard in the study of Kobayashi-Hitchin correspondence for parabolic objects, 
based on the fundamental results in ^454 and [35] . We give only an indication in our situation by following [51] . 

By Lemma 10.6 of [35], -^|{z}xC is extended to a parabolic subsheaf, if I^tth^jxcP < oo. By the argument 
in the same lemma, we can show the converse, i.e., F^^^jxC is extendable to a parabolic subsheaf V^F^^^jxC of 

'P*-E'|{z}xC7 if Eind only if it is L^-subbundle of (£', /i)|{z}xC- In that case, -^^i J^^ Tr(F(/i jr))|zxC is equal to the 
parabolic degree by Lemma 10.5 of [45) . 

If the conditions (i) and (ii) are satisfied, then we have 

deg{F,h) = [ dvolrf / ^/^Tr(F(V))) = 27r|r| / par-Ci(7'* J") > -oo. 

Conversely, suppose deg(J^, h) is finite. Because 

deg{F,h) < y dvolc^^y IVzTrj^dvolT) 27r y deg(J'|Tx{«,}) dvolc, 

we have deg(J^|7-x{«;}) = for any w. We obtain — deg{F,h) — dvolT^/j;.|i97r|{z}xc|^j < Hence, there 
exists a thick subset A C such that F\zxC is extendable for any z G A. (A subset is thick, if it is not 
contained in a countable union of a complex analytically closed subsets.) Then, we obtain that F is extendable 
according to Theorem 4.5 of [49]. I 
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Corollary 4.4 V^E is polystable. We have deglV^E) = 0. (See ^15.3.11 for the stability condition in this case.) 



Proof The second claim directly follows from Lemma [4.31 and Corollary 14.21 Let V^.J-' be a filtered subsheaf 
V^,E satisfying (Al— 2). Let be its restriction to X x C. By Lemma [4.31 we have /i('P*J^) = fi{J^,h) < 0. 
Moreover, if it is 0, the orthogonal projection onto J-" is holomorphic. Hence, the orthogonal decomposition 
E = F ® F-^ is holomorphic. It is extended to a decomposition V^^E — V*T ® V^F-^. Both F and F^ with 
the induced metrics are L^-instantons. Hence, we obtain the first claim of the corollary by an easy induction 
on the rank. I 



4.1.3 Uniqueness of the i^-instanton adapted to a filtered bundle 

Let {E, V, h) be an L^-instanton on T x C. We have the associated filtered bundle V^^E on (T x P^, T x {oo}). 
Let h' be a hermitian metric of E, and let Vt' be a unitary connection of {E, h') such that (i) {E, Wh' , h') is an 
L^-instanton, (ii) the (0, l)-parts of V/j' and Vh are equal, (iii) h' is adapted to V<fE. 

Proposition 4.5 We have a holomorphic decomposition {E^Oe) — ®i{Ei,dEi) such that (i) it is orthogonal 
with respect to both h and h' , (ii) for each i, there exists > such that h\Ei — on f^\E • particular, we have 

Proof Let s be the self-adjoint endomorphism determined by h' - 
inequality (see p. 876 of [45]): 

By taking the fiber integral for T x C — > C, we obtain 

-d^d^ I Tr(s)+ / \d{s)s-^'^\l<Q 

JT JT 

It implies that J^, Tr(s) is a subharmonic function on Cw By using the norm estimate for asymptotically 
harmonic bundle (Proposition [326]), we obtain that h and h' are mutually bounded, i.e., s and s~^ are bounded 
with respect to both of h. Hence, we obtain that /j, Tr(s) is constant. We obtain /r|9(s) s^^/^|^^ = 0, which 
implies d{s) = 0. Then, the claim of the proposition follows. I 



- hs. According to [45], we have the following 
<o 

I h — 



4.1.4 Instanton number 

Let {E,\7,h) be an L^.instanton on T x C. We have the associated filtered bundle V^E on (T x pi,r x {0}). 
Note that the second Chern class of VaE is independent of a € M. 

Proposition 4.6 We have the following equality: 

^ f Tr{F{hr) = f ciVaE) 

Proof Let [7 C P"^ be a neighbourhood of oo. Let t = . Let {P*V,g) be a filtered bundle on ((7,0) 
corresponding to V^E. We set 6 := gdw. We take a ramified covering Lp : (C/',0) — > ((7,0) given by t = ^™ 
such that we have the decomposition 

v*[v,v,e)= {v,v(^,e,), (40) 

where 9a — da are tame. We have the decomposition 

^*VoV ^^{^*VoEnrv;). (41) 

a 

We take a frame v of (p*'PoV such that (i) it is compatible with the decomposition ([IT]) , (ii) for k e Gal{ip), we 
have K*Vi — a{K, i)vi,(^f^ i^ for some a(K, i) G C* with |a(K, z)| = 1 and 1 < 6(k, i) < rank V. Let ho be a hermitian 
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metric of f*V defined by ha{vi, Vj) — Sij. Because it is Gal((/3)-equivariant, it gives a hermitian metric of VqV. 
It induces a hermitian metric hi of {E, Be)- Let V/^ — dE + Qem denote the Chern connection, and let F{hi) 
denote the curvature. 

Let do denote the holomorphic structure of E obtained as the pull back of V. We have Oe = do + gdz. We 
have dE,h = dE,h + gldz and Oem = ^em + gl^^z. 

We have the expression gv — vG. Let u denote the frame of E obtained as the pull back of v. We have 

V/ij^tt = u{g dz + G\^dz^ . We have F{hi)u = u(^dwG dw dz + [G, G\^ dz dz^ . Hence, we have 

\F{hi)\^^^ = 0{\w\-^dwdz) +0{\w\-^ dzdz). 

We have the expression \7u = u {c dw + gdz + g\ dz^ . Let Fc be the endomorphism determined by Fcu — uC. 
We have 

V,,. - V,,, - Fcdw + {gl - gljdz. 

According to Lemma |3^ we have \Fc\h = 0{\w\~'^). It follows that \Fc\hi = 0{\w\~'''-) for some pi > 0. We 
have the expression 

^*G = 0(a„a)/„ + O(|u;|-i). 

Here, la are diagonal matrices whose (i,i)-entry is 1 if G VV^, or otherwise. Hence, by using Proposition 
13.241 there exists p2 > such that \g\ — .gjij,^ = 0(^\w\^p^^ and \gj^ — fflj/i^ — 0(^\w\~''^). Hence, we have 

F{h){Vh - V?,J ^ 0{\w\-^-''=' dwdzdz) + 0{\w['^'P-^ dwdzdw), 

F{hi){Vh - V,,J = Oi^wy^-P"" dwdzdz). 

Then, we obtain the following: 

-A/ Tr(F(/i)2)^--L / Tr{F{hif)^( ch^iVoE) ^ - [ c^iVoE) 

Thus, we are done. I 
4.2 Cohomology 

Let {E, V, h) be an L^.i^stanton on JsT := T x C. The (0, l)-part of V is denoted by Oe- Let X := T x P^. We 
put D -.— T X {oo}. Let A^'^{E) denote the space of C°°-sections of E ^ 17°'* on X with compact supports. Its 
cohomology group is denoted by H^'^{X, E). Let A^^'^iVaE) denote the space of C°°-sections of VaE ® Vf''^ on 
X. Its cohomology group is W{X jVaE). In this subsection, we suppose that ^ Sp^{E). 

Proposition 4.7 The natural map H^''^{X, E) — > H^'^{X ,VaE) is an isomorphism for any a G K. 

Proof There exists R> such that, if \w\ > R, E^tx{w} is semistable of degree 0, and ^ Sp{E^Tx{w})- We 
have two consequences for a C°°-section s of VaE on X^. 

• There exists a C°°-section t of VaE on Xn such that W-t — s. 

• If V-s = 0, then s 0. 

Then, the claim can be shown easily. I 

Let A'^£l{E) be the space of L^-sections s of E(^ fi"'* on X such that Oes is also L^. The cohomology group 
of the complex {A"£'{E),dE) is denoted by H°£l{X,E). 

Proposition 4.8 The natural map iJ"'*(X, £') — > H'^£1{X,E) is an isomorphism. 

Proof Let J^^l ^{E) C /^£l{E) be the subspace of the sections with compact supports. It gives a subcomplex, 
and its cohomology is denoted by ^{X, E). 
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Lemma 4.9 The natural map H^£l ^(X^E) — > H^2{X,E) is an isomorphism. 

Proof For any L^-section s of i? on Xn, there exists an L^-section t of on Xji' (R' > R) such that V-t = s 
on Xjii. If an L^-section s of £' on X^i satisfies V^s = 0, then we have s — 0. Then, the claim of the lemma 
can be shown. I 

We take a smooth Kahler metric of X. Let B^£l{J^aE) be the space of L^-sections uj of VaE on X such that 
duj is L'^. Let B^£l JJ^aE) C B^£l((PaE) denote the subspace of the sections whose support is contained in X. 
By the same argument, the natural map B'^' ^{'PaE) — > B'^'i'PaE) is a quasi isomorphism. We have a natural 
identification B'^* ^{VaE) — A^'* ^(i?) as C-linear spaces. By the L^-Dolbeault theorem, the cohomology group 
of B^j^'iJ-'aE) is naturally isomorphic to H^{X,VaE). Then, the claim of Proposition 14.81 follows. I 

Corollary 4.10 H'^2{X,E) is finite dimensional. I 

Proposition 4.11 We have H"(X,VaE) = H^(X,VaE) = 0. 

Proof Clearly H^{X,'Pa{E)) — 0. Let p : X — > be the projection. We have p^E = 0, and the support of 
is 0-dimensional. Then, we obtain H'^{X,VaE) =0. I 

4.3 Exponential decay of harmonic forms 

4.3.1 Statement 

Let {E,'sJ ,h) be an L^-instanton on T x C. Let Be denote the (0, l)-part of V, and let denote the formal 
adjoint with respect to h and dzdz + dwdw. We set := d^ds + dsd^- 

Proposition 4.12 Assume thatO ^ Sp^{E). Let uj be an E^ -section ofE(E)^'^'^ onTxC such that Aec^ = 0. 
Then, we have \u!\ = 0(exp(— C|w|)) for some C > 0. 

4.3.2 An estimate 

Take R> 0, and put := {|w| > R} and Xji := T x Yj^. Let {E, V, h) be an L^-instanton on Xji. 

Lemma 4.13 Assume that ^ Sprx,{E). Suppose that uj is an -section of E(S>^Ya ^^'^^ ^^^^ Qe^jJ = cIe^jJ = 0. 
Then, there exists C > such that \uj\^ = 0^exp(— C|k7|)^ . 

Proof Let lo = f dz -\- g dw be a harmonic form. We have —V^f + V^g — and V^/ + V^g — 0. We have 
the following equalities: 

V^Vw/ = V^{V-g) = V-V„g + F^-g = -V-VJ + Fy,-g = -V,V-/ + F,-f + F^-^g 

^w^w9 = Fyjyjg + Vw^yjQ = Fyjyjg + V^(-Vz/) = Fyjyjg - V zVwf + F^-^f ^ Fyjyjg - V zV-g + Fznjf 
We obtain the following 

- {d^ck, + dzdz){f, f) < -(V^/, V^/) - 2Re((V„,Vw + V,V^)/, /) 

= -(Vt/, V^/) ~ 2 Re{Fzzf + Fz^g, f) (42) 

Using the notation in ij3.2.21 we obtain 

-d^d^Wff < -II V^/IP + 0(||F|| (ll/f + Wgf)) 

Similarly, we obtain 

-dMlaf < -llVrsiP + 0(11^^11 (ll/f + ||5f )) 
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By the assumption ^ Sp^{E), there exist Ri > R and Ci > such that, if |w| > we have \\dzg\\ > Ci||.g|| 
and ||c?z/|l > Cill/ll. Hence, there exist e > and R2 > R such that the foUowing holds if \w\ > R2: 

- 5^Mll/ir + 11.911') <-^(ll/ll' + ll5lP) (43) 

In general, if (/J is a positive L^-subharmonic function on Yfj^, Then ip{'w) — 0{\w\~'^). Indeed, by the mean 
value property, we have 

'^H - /I I ^ p \2 / '^(^') - fl I '^^U \2 - 

7t{\w\ - R2Y J\n,-n,'\<(\w\^B.2)n (1^1 ~ 

Hence, we have + jl^jp = 0{\iv\^'^). Then, by a standard argument with P5)) . we obtain + = 
0(exp(— CslwD) . (See the proof of Lemma [3.151 ) By a bootstrapping argument, we obtain \f{z,w)\ = 
0(exp(-C4|w|)) and \g{z,w)\ = 0(exp(-C4|w|)) . I 

4.3.3 Finiteness 

We continue to use the notation in !j4.3.2l Let w be a C°°-section of E® Vf''^ on Xr- Suppose that the support 
of u) is contained inrx{|z/;|>i?+l}. We set V :— ds + d^. Let dvol denote the volume form induced by the 
Euclidean metric. 

Lemma 4.14 Assume that uj and A^w are 1? . Then, d^to and Oe^^ are L^, and we have 

J h{u}, Aeuj) dvol — y|l?w|^dvol 

Proof Let g := dz dz + dw dJw. Let | • \h^g denote the norm of sections oi E induced by h and g. Let x(i) 
be a non-negative valued C°°-function such that x{t) — I it <Q) and x(i) = (t > 1), and that 9t(x)/x^^^ is 
also C°°. For a large we put xn{w) :— x(log \w\ — N). There exists Ci > such that |5^Xiv| < C'll^'l^"^, 
I^XJvl < Ci\w\-^, and \dn,dnjXN\ < Ci|«7|~^ We have 

1/2 / ^ _ -.1/2 
'^--1' -'2 I / ^^|a^|2 ^dvolj 

s 1/2 . „ _ s 1/2 

\dxN\lx],'\^\lgdvolj i^J XN\dcu\l g dvol j (44) 
There exist Ci > {i — 2, 3) such that the following holds: 

1 /2 

J XNpu;\lg dvol < C2 XNpu;\lg dvol^ + Cg 
Then, the first claim of Lemma [4. 141 follows. We have 

y /l(XAft^, A^w) dvol- y XATpO;!^ g dvol < C4 J \dxN\g \u}\h,g \duj\h^g dvol +C4 J \dxN\g\i^\h,g\d Uj\h,g 

for some C4 > 0. By the first claim, the integrands of the right hand side are dominated by some integrable 
functions, independently from N. By taking the limit, we obtain the second claim. I 

4.3.4 Proof of Proposition \4A2\ 

Let us return to the setting in ij4.3.1l According to Lemma [4.131 we have only to show the following lemma to 
establish Proposition l4.12l 

Lemma 4.15 ds^^ = 9^1^ = 0. 

Proof By the first claim of Lemma [4. 141 we obtain that Voj is . By the argument in the proof of the second 
claim of the same lemma, we obtain J dvol — 0, i.e., Vuj = 0. I 



y XNHu;,AEUj)dvol~ J XNl-Dujlldvol < (^j \dxN\lxN^W\l,g dvol^ (^j 
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4.4 Nahm transform for L^-instantons 



Let {E,W,h) be an L^-instanton on T x C. Let D :— Sp^{E). We shall construct a harmonic bundle on 
\ D. For any C G \ D, let = (C, Ot — Qdz) denote the corresponding line bundle on T with the 
natural hermitian metric. Let Nahm(i?, V)^ denote the space of L^-harmonic 1-forms oi E ® ^-Q- It is finite 
dimensional, and naturally isomorphic to H^[T x ¥^,V^iE (g> C^(;) ~H^[Tx P^^VqE (g> C^q). (See Sg^l) The 
Euclidean metric dzdz + dw dw of T x C and the hermitian metric h of E induce a metric hi (C) of Nahm(i?, V)^ . 
The multiplication of —w € C'pi(l) induces an endomorphism Fw{C) of Nahni(_E, V),^. It is also described as 
— o w, where denotes the orthogonal projection of the space of L'^-sections of £' (g) (g) ^^xC onto 
Nahm(£', V)(;. (Note Proposition 021) 

Let A'''''{E(^£-(^) denote the space of L^-sections of £^(8)£_^(g)r2y^j^. Let Oex denote the 9-operator of E'® 
£-(;. Let d*E Q denote its adjoint. Let := dEX+9*Ex be the closed operator A°'°(i5(8)£_f )® A°'^(i5(g)£_^) — > 

A°''^{E(»£^(;), and let I?<^ ■=dE.x + d*EX denote its adjoint AO'i(£;(g)£_j) — > A°'° ®A°''^{E(S)£-c) ■ 
By the results in §4.21 we obtain that V* is surjective. We have Ker(I?^) = Nahm(_E, V)^. We obtain that 
the family IJ^ Nahm(i?, V)^ gives a C°°-bundle Nahm(i5, V) on \ D. It is equipped with a C°°-metric 
hi and a C°°-endomorphism Fw It is also equipped with the induced unitary connection Vi. The C°°- 
bundle Nahm(i?, V) is also constructed as a family of the cohomology of the complexes of the closed operators 
{^A^'*{E (g) £-0)^8 ex)- It induces a holomorphic structure of Nahm(i?, V) as a bundle on \ D, and F^ is 
holomorphic. We set 9i :— d(. The (0, l)-part of Vi is equal to the 9-operator of Nahm(i?, V). 

Proposition 4.16 {Ei,dEi,Oi,hi) is a wild harmonic bundle. 

Proof Because the argument is rather standard, we give only an indication for the convenience of the readers. 
For / C {1, 2, 3}, let pi denote the projection of x T x onto the product of the z-th components. By the 
construction, we have a natural isomorphism (Ei, dEi) — Rpi* (p23^o£'®Pi2^ozn~^) ^rp^^jj- The endomorphism 

Fyj is equal the multiplication of —w : (p23^-i'^'^-Pi2^om^^) 1^^^^ — > (p23'Po£'®Pi2^oin~^) l^^v^^,- 
Hence, we obtain that is a wild Higgs field in the sense that, for the local expression 6 = f d( around P E D, 
the coefficients of dct(tid— /) are meromorphic at P. 

Let us prove that {Ei,dEndi,hi) is a harmonic bundle. Although we follow a standard argument, we give 
rather details for the convenience of readers. Let As denote the Laplacian on A^''^{E), i.e., /S.e — OeOe = 
—^/^AdsdE- We have 

AeiP = -2(V3Vr+ V,„Vw)V'- 
On A'^-'^{E), the Laplacian is given by OeOe — (— T)9£;A9£;. We have 

dsdE^ip dJv) = — 2(V^V2 + V^Vm)V' cfuJ. 

Because Ezz + F^j^^u = 0, it is equal to Ae{iP) dzdw. Hence, under the natural identification A'^''^{E)(BA'^''^{E) ~ 
A'^''^{E) (g) ((1, dzdw)), the Laplacian T)*!) acts as A^; (g) id, where ((a, b)) denotes the 2-dimensional vector space 
generated by a,b. The Green operator of I)*!) acts as Ge fg id, where Ge denotes the Green operator for Ae 
on A°'°{E). 

We naturally identify AP''^{E g) £-() with AP'''{E). For a differential form r, let ij,{t) be an endomorphism 
of AP''}{E) given by /^(t)(^) = r A (p. We have Oex ^Oe- ClJ-idz) and d*E^^ =% + (\/^)CA o fi{dz). Let 
denote the trivial connection of the product vector bundle A'^'^{E) x (T^ \ D) over \ D. We have the 
following relation for the operators on the space of the sections \ D — > A'^'^{E) x (T^ \ D): 

[dT^,d + Cdz] =dQ^i{dz), [dTv, (d + C,dzy] = y^d^Ao ^{dz). 

We set il := dC ij,{dz) + d(^/—lA o iJL[dz). Let Pq denote the orthogonal projection of A^'^{E) onto the kernel of 
D^. Let A^ = Be qQex denote the Laplacian on A^'^{E) for E g) £-q- Let Gq denote the Laplacian for A^ on 
A°'°{E), i.e., Gc^c = idAo.o(£;). The Green operator for 25*2?^ on ® A°''^ is given by Gq «> id. We have 
Pi^ — 1 — Vq o GqoV*^. Let Gc ® id also denote the naturally induced operator on A^'^ ~ (g ((cfl, dw)). 



33 



Let (•, •) denote the inner product of A'^ *{E) induced by h and dz dz + dw dw. By a standard computation, 
the curvature F of the connection Vi is described as foUows, for any sections -0i (* — 1, 2) of Nahni(£', V): 

{ipi,F'ip2) = (Vjij^tv o PQ{dT-^il)2)) = -(V'l, rfrv oVqoGqo 'D^{dT-^ip2)) 

^ {dT^^l,V^O G^oVl{dT^.^2)) = {VldT-i>l,G^oVl{dT-^2)) = {^^u Gcf2V'2) 

= dCdl({dz^Px, dziGc ® id)V2) - (A(dz^i), A{dz {0^ ^ id)iA2))) (45) 

We have 6'(V') = P(;{wi:)dC and 6i^(V') = Pc{wip)dC. We have 

(-01, {P(;WoPi^w- PcwoP^w)i:2)dCdC^ -{iPi, (w(Pc - l)TZy - I(J(Pc - V'2)dC 

- (^{w^bi,V^GcVlW^2) - {w^PuV^GcVlw^2)) dC^C 
= ((2?^(WV'i),GcI?^(W^2)) - (l?^Mi),GcI?^M^2)))dCrfC 

= (([I?^,W]7^i,Gc[I?^,uy]^2) - {[Vlw]i;i,Gc[Dl,w]i^2))dCdC (46) 

We have [P^, w] = fi{dw) and [P^, w] = — lA o fi(dw). Hence, we obtain the following expression: 

(i/'i, iP(;woP^w-P(WoP(;w)^p2dCdC) = ((dwV-i, dw(gc(^id)V'2)-(A(dwVi), A{dw{g^(S)id)^p2)))dCdC (47) 
By using {dzdw, dzdw) — {Adwdw, Adwdw) — {Adzdz, Adzdz) for the metric on Q^^^, we obtain the following: 

V^i, {F+{PowdC)o{PowdC))^2') =0 

Namely, the Hitchin equation is satisfied. Thus, the proof of Proposition 14. 161 is finished. I 

Remark 4.17 We obtain a different transformation by replacing C-q with C(^, for which we do not need any 
essential change. 

Remark 4.18 We use the operators, which looks natural in the complex geometry, instead of the Dirac operator 
itself. 

5 Algebraic Nahm transform 

5.1 Local algebraic Nahm transform 
5.1.1 Admissible filtered Higgs bundles 

Let X :— {z e C\\z\ < po} and D {0}. For each positive integer p, let ipp : X^'p^ = {\zp\ < Pq^''} — > X be 
given by (pp{zp) = z^. Let V^.E be a filtered bundle on {X, D) with a Higgs field 9. Let m e Z>o and p E Z>o 
such that g.c.d.(p, m) = 1. We say that {V^.V, 9) has slope {p, m), if the following holds: 

• Let {V*V^P\9^P'^) be a filtered Higgs bundle obtained as the pull back of {V*V,9) by (pp. Then, we have 
z^9<P\rcV<P^) C VcV^PUzp/zp for any c € M. 

• Let Kes{z™9^P^) denote the endomorphism of Gt^{V^p^) obtained as the residue of z™9^pK If {p,m) ^ 
(1,0), we impose that Res(z™0^^^) is invertible for any c. 

Ahhough Res(z™6'<P>) may depend on the choice of a coordinate, but the above condition is independent. Let 
I{9) denote the set of the eigenvalues of Res(z™0<P> ). We have Gal(v3p)-action on {'P*V<p\9<p^) and 1(61). The 
quotient set X{9)/ Ga\{ip) is denoted by I{9). We have the orbit decomposition 1{9) = Uo6i(e) °- 
{V*V, 9) has type {p, m, o), if moreover I{9) = {o}. 
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If m 7^ 0, then o is an element of J{p,m) := C* / Gal((/?p), where the action is given by {t,a) i — > f^a. 
If m = 0, then o is an element of J'(1,0) := C. When {P^V,9) has slope {p,m), it has a decomposition 
{V*V, 9) — 0ogj'(p m)('P*^o, 6*0) after X is shrank appropriately, such that {V^Vo, 60) has type (p, m, o). 

We say that {V*V,6) is admissible, if it has a decomposition {V*V,e) = 0(p „,)(P*V^^'''"\ ^ifP'™)) after X 
is shrank appropriately, such that 6'^^''")) has slope {p,m). The decomposition is called the slope 

decomposition. We may also have a refined decomposition (V.tVjB) = ©(p o)(7^*V'i^'™'', ^i^'™"*) such that 

{T'»Vo^''"^\6^'"^'') has type (p, m, o). It is called the type decomposition. For a G Q>o, we say that the slope 
of {V»V, 9) is smaller (resp. strictly smaller) than a, if V*V'^''^'> = for p/m > a (resp. p/m > a) in the slope 
decomposition. 

Suppose that {T'*V,9) has type {p,m.,o). After X is shrank appropriately, we have the decomposition 

(P,F<P\6'<P>) = 0„eo(7'*Ki^\6li^^) such that Res{z^9^^^) has a unique eigenvalue a. For any a e o, we have 

a natural isomorphism iPp*{V*V^^\e^^^) ~ {V*V,e). 

In the following, we shall shrink X without mentioning it. 

5.1.2 Complex 

We define a complex of sheaves associated to an admissible filtered Higgs bundle (P* V^, 9). First, let us consider 
the case that {V*V, 6) has type {p, m, 0). Suppose (p, m, o) ^ (1, 0, 0). For each c € ffi, let VciV ^*x^ ^) denote 
the complex 

Vc-m/py — > Vc+iVdz 

where the first term sits in the degree 0. Take any a G o. For each c G M, let Vc{Va^'^ (g) fi^^^), ^if^) denote the 
following complex on X^p'^: 

We have a natural isomorphism 'Ei^',9) ~ ^p^VcpiVa^^ (g) fi^(p> , 9a^). It is also isomorphic to the descent 
of 0aeo^cp(Ki^^ O 0^(p>,6'i^^). For c < c', the natural inclusion Vc{V O fl',9) — > Vc'{V O 0*,6I) is a 
quasi-isomorphism. We set C*(P.,V, 9) := V-i/2{V ®n*,9). 

In the case (p, m, o) = (1, 0, 0), we set C°('P*F, 9) := VqV and 

c^{v^v,9) ■.= v<iV®n\ + e{VoV) ^v^v®q}x- 

Thus, we obtain the complex C*{'P*V, 9), when {V^,V, 9) has type (p, m, o). 

For a general admissible filtered Higgs bundle (7-',V,0), the complex C*{Vt,V,9) is defined as the extension 

of the complex {V — V (g) ) on X \ £> to a complex on X, such that it is 0(„,p,o) C*(P*V'j^'"\ 6*1^'"^) 
around D, according to the type decomposition. 

Lemma 5.1 // {V^VjO) comes from a wild harmonic bundle {E,dE,9,h) on {X,D), then ^C*{'P*V,6) is 
naturally quasi-isomorphic to the complex of square-integrable sections of the Higgs complex £'0 0*. 

Proof By the descent, we have only to consider the unramified case. We omit to denote p. We have the 
naturally defined map tTc : VcV — >■ Gt^{V). Let W be the weight filtration of the nilpotent part of the 
endomorphism Res(6') on Gi^iV). We set WkVcV := TT'^iWh Gt'^{V)). 

Suppose that {VtV,6) has type (m, o). If (m, o) ^ (0,0), let C^2iJ^*V,9) be the following complex: 

W-2V-mV Q}x{\ogD) 

It is easy to check that the following natural morphisms are quasi-isomorphisms: 

C12{V,V,9)^Vq{V®^1\9)^C'{V.V,9) 

If (to, o) = (0, 0), let C^2{'P*V, 9) be the following complex: 

WqVqV W-2V0V (log£>) 
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It is easy to check that the natural inclusion C^2 {V* V, 9) — > C* {V^, V, 9) is a quasi- isomorphism. 

In general, we define ^^(T'*^,^) = ©C22(7'*Vo'™\ ^i"^) by using the type decomposition. According to 
the result in §5.1 of [5S], C'j^2{'PifV,9) is naturally quasi-isomorphic to the complex of square-integrable sections 
of the Higgs complex E . Thus, we obtain the claim of the lemma. I 

5.1.3 Transform 

We shall construct some transformations for filtered Higgs bundles, which are analogue to the local Fourier 
transform in [Tl] and [H] . 

In the following, for a variable x, let denote a small neighbourhood of in C^;. For two variables x and 
y, let Ux^y '■= Ux X Uy, and let tti : U^^y — > and 7r2 : U^^y — > Uy denote the projections. 

Let {VtVjO) be an admissible filtered Higgs bundle on {11^,0). Let us define a filtered bundle J\f^'°° (V*V,9) 
with an endomorphism g on Ur- We consider the following complex on U(^^r- 

TTlC"{V,V,9) TrlC\V,V,9) 

Let Q be the quotient. If Ur is sufficiently small, then the support of Q is proper over Ur- We define 

Af°-°°ir,V,9) := 7r2*Q, M'''°"{r,V,9) -.^ {V,V,9){*t). 

Here, (*r) means the localization with respect to r. It is easy to check that A/''^'°°(7-'*F, 0) is coherent and 
torsion-free. Hence, (V^V,9) is a locally free Oc/^-module. In particular, {'P*V,9) is a locally free 

0(7^ (*T)-module. The multiplication of C, induces the endomorphism g. By setting i/) —gr^^dr, we obtain a 
Higgs field of 7V°'°°(7'*y,6l). We shaU introduce a filtered bundle N^'°° {V.,V,9) = (N2'°°{V^V,9) | a G R) over 
N^-°^[V^V,9). 

If ("P* V, 9) has type (p, m, o) ^ (1, 0, 0), we consider the following complexes on for any c G M: 

T^lVc-ra/piV) (48) 

Let Qc denote the quotient. We define 

By construction, we have Af°:^2{'P^V,9) = J\f{V^V,9) in this case. It is easy to check that 7V°'°°(7'*F, 6*) are 

locally free Ot/^ -module of finite rank. We have a naturally induced map J\f^,'°" {V^,V,9) — > N^'°° {V^V^9) for 
a' < a. Its restriction to {t 7^ 0} is an isomorphism, and hence it is injective. We also obtain A/J'°°(7'*V, 0)(*t) = 
Af°^°°(V*V,9). For c' c- (l+p/m), the images of r • 7r*7'cV"(dC/C) and 7r*7'c'^^(dC/C) are the same in the 
quotient of Qc- It implies TM°'°^{r^V,9) ^ Af°f^(V^V,9) for any a £ R. Hence, Af°''^ (V^V, 9) (a e R) give a 
filtered bundle over Af°'°°(r*V, 9). 

If {V*V,9) has type (p, m, o) = (1,0,0), we define A/'°'°°(P* V, 6*) := J\f°''^{V,V,9). We have the following 
natural morphisms: 

Ml^'°^{V.V,9\o-C\V.V,9)/C''{V.V,9)dC (7'oV^)|o 

Here, the subscript "|0" means the fiber of the vector bundle over 0, and the latter map is given by the 
residue, which is injective. Hence, the parabolic filtration of the right hand side induces a parabolic filtration 
oiAf°'°°iP»V,9)\o indexed by ] - 1,0]. It induces a filtered bundle Af°'°°{V*V, 9) over A/'°'°°(P*y, 6*). 

If (P* V, 9) is admissible, we replace U(; with smaller neighbourhoods so that it has the type decomposition, 
and we define 

U^'°°iV,V,9) Af^'°"{V,V^P'"'\9). 

p,m,o 

The construction J\/^'°° gives a functor from the category of the germs of admissible filtered Higgs bundles to 
the category of the germs of filtered Higgs bundles. We set J\f°';^{r,V,9) Eb<aK'°°i'P*V^^)- 
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Lemma 5.2 Suppose {V*V,0) has type {p,m,o). The rank of Af^'°°{V*V,0) is (p + m) rank V^/p in the case 
{p,m,o) (1,0,0), or rank — dim Ker Gr^ (Res 6') in the case {p,m,o) — (1,0,0). 

Proof The rank is equal to the dimension of C^(7^*y, 0) / {V*V, 9)d( as a C- vector space. Then, the claim can 
be checked by a direct computation. (See also the proof of Lemma [5751 below for the case (p, m, o) ^ (1, 0, 0).) I 

Lemma 5.3 (A/'"'°°(7^*y, 6'), -0) is admissible. If {'P*V,0) has type {p, 171,0), then (j\f^'°^ {'P■^,V,6),'lJJ) has type 
{p + m, m, o') for some ol . 

Proof We have only to consider the case that (7^*^, Q) has type (p, m, o). Let us consider the case (p, m, o) ~ 
(1, 0, 0). For the expression Q — f d(/(, f gives an endomorphism of VcV for any c, and /|o is nilpotent. Because 
ijj = —T~^g{dT /t) = f{dT/T), —T~^g is induced by /, it preserves A/'o'°°('P*y, 0). If we regard A/'o'°°('P*T^, ^)|o 
as a subspace of VqV^q as above, {—T~^g)\Q is the restriction of /|o. Hence, it is nilpotent, i.e., (A/'°'°°(7'*F, 6'), -0) 
has type (1,0,0). 

Let us consider the case (p, m, o) 7^ (1, 0, 0). Fix a e o. We consider the following on Uq^^t- 

The quotient is denoted by Q'^. We have a natural isomorphism 112* Q'c — -^[^ „ c)(^*^' 

The natural map Q'^, — > Q'^ (c' < c) is injective. We set Q'^^ := lj(,<c Q'f We have the following exact 
sequence: 

It induces the following isomorphism of C-vector spaces for any c G 



, i;Gr'_,„(V*>) <Gr'(V*>) > C:./C'<, > 



Let V = {vi) be a frame of VpcVa^K We set Ci := min{a e M| e VaVa^'^}. We assume that v is compatible 
with the parabolic structure in the sense that the induced tuple {[vi] \ci — d} of elements in Gr^(ya''^) is 
a base for any d &]pc — l,pc]. We set Vij := (pVj for (0 < i < p + m — 1, 1 < j < rank vj''^ ) . The 
induced sections of A/^^'^ ^ ^^(7^*^, 0) are also denoted by the same symbols. Because they induce a base 
of ■^;b,m.c)(^*^'^)/^-<S,™,c)(^*^'^)' tl^ey give a frame of AA°;^ ,„_^)(7'*^, 0) on a neighbourhood of 0. 
(In particular, the rank of ^ ^-j (7^*y, 6*) is (p + m)rankV'J''^ = p^^ip + m)ranky.) Moreover, by the 

isomorphism (|50p , the frame is compatible with the parabolic structure of A/"^^^ ^ {V* V, 6) . 

We take a ramified covering Lp : — > Ut by ip{r]) — if^"^. Let V^V be the filtered bundle on (?7^,0) 
obtained as the pull back of N^'°^ {J'^.V,9) by ip. The tuple of the sections Vij := ri~'-(p*Uij gives a frame u of 
Vpc-m/2^ which is compatible with the parabolic structure. By the frames v and u, we obtain an isomorphism 

of Ppc-™/2V|o to irpcV^''^)\o ® CP+™. 

Let us show that tp — —r'^gdr has type {p + m,m,o') for some o' . Note that g is induced by the 
multiplication of C = Cp- Let gi be the endomorphism of JV^'°° {V^.V, 9) induced by the multiplication of Cp- We 
havegi(AAO^-(7'*y,0)) d hT^'l 

i/(p+m)(^*^' Hence, we obtain ^gi gives an endomorphism oi Vpc^m/2^ ■ 
In particular, ri~'Pg gives an endomorphism of Let us show that the restriction {ri^^g)\Q has a unique 

non-zero eigenvalue modulo the action of Gal((/5). 

We have the parabolic filtration F of {VpcVa)\o- We take a refinement F oi F such that (i) F is preserved by 

Res(Cp"6'i^^ ), (ii) the induced endomorphism on the associated graded space Gr^ is semisimple. The filtration 
F induces a filtration F' of Vpc-m/T^ ■ Then, (77^^(7)10 is compatible with F', and the induced endomorphisms 
on Gr^ are represented by the following matrix with respect to an appropriate base: 



m p 
1=1 i=l 
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Here, / is the identity matrix and Eij denote the {p + rn)-square matrix whose (k, £)-entry is 1 if (fc, i) — 

and otherwise. Then, the set of the eigenvalues are e^'^^/"'"-'/^^"'"™-'^^ {j — 0, . . . ,p + m — I). Thus, we are 

done. I 

Corollary 5.4 The construction Af*'°° gives a functor from the category of the germs of admissible filtered 
Higgs bundles to the category of the germs of admissible filtered Higgs bundles whose slopes are strictly less than 
1 I 



5.1.4 Inverse transform 

Let V^V be a filtered bundle on (J7r,0) with an endomorphism g. We say that (7^*V,5) has type {p,m,o) 
(slope {p,m)), if (V^.V^—r^'^gdr) has type {p,m,o) (resp. slope {p,m)). The condition implies p > m. We 
say that {'P*V,g) is admissible, if {P^tV, —t~^ gdr) is admissible. We have the type decomposition {V»V,g) = 
0(75* c/i^'"^) and the slope decomposition {V^V, g) = ^(r*V^P^"'\ g^P^"''>). In this subsection, we impose 

the following vanishing: 

(CO) ^0^^^°' = 0, and F^P''"' = unless p>m. 

If ("P+V^, 5) has slope {p,m), we consider the following complex on Urx- 

The quotient is denoted by M.c- If is sufficiently small, the support of M.c is proper over Uq. We define 

•^K^(p,m.c)+i(^*^'ff) - ^2*Mc, K2{p,m,c) := 2{p-m) ' 

They are locally free Ot/^ -modules. For a < a', we have a naturally defined map Af;^^'^(r*V, g) — > J\f^'°{V*V, g) 
which induces N^'^{V*V,g){*C) - Af^-°{V,V,g){*0- We have J\f^J°{r,V,g) = C,N^^°{V*V,g) for any a e R. 
Thus, we obtain a filtered bundle M^'^iJ^^V^g) on (J7(;,0). In the general case, we define M^'^'iV.V.g) := 

A/?°'°(7'* Vo'''™\ ffcf'™^) by using the slope decomposition of {Vi,V,g). The multiphcation of — t^^ gives a 
meromorphic endomorphism F. We put 6 = FdQ. The construction gives a functor from the category of the 
germs of admissible filtered Higgs bundles satisfying (CO) to the category of germs of filtered Higgs bundle. 

Lemma 5.5 {N^''^ {V*V,g),9) is admissible. If {V*V,g) has type {p,m,o), then J\f^''^{V*V, g) has type {p — 
m, m, o') for some d , and the rank is [p — m) vawkV/p. 

Proof We have only to consider the case that {V*V,g) has type {p,m,o). Let ipp : /7,, — > Ur be given by 
fpiv) = Lst ip : Uu — > be given by (p{u) = Let be the filtered bundle on C/„ obtained as the 

pull back ofJ\f^^°{V,V,g) by ip. 

We use the decomposition p*p{V^,V,g) = ®Qgo(^*^a^^ .9a'^)- We consider the following complex on Uj^^: 

The quotient is denoted by M'^. We have n2*M'^ ~ -^K^(p.m,c)+i(^*^' 5)- Because gi^'\VaVi^^) c VaV^^2 , we 



have the following exact sequence, as in the case of A/"*^'"" (see the proof of Lemma [57 

, ^*GrJ,(yj^>) ^tGrJ,(yi^>) > M'JM'^, > 

It induces the following isomorphism of C- vector spaces: 

-^<K;(p,mx) + l(^*^'ff) 



38 



We take a frame v of VpcVa^'^ compatible with the parabolic structure. We set Vij :— rfvj. By the 
isomorphism ([5T|) . they induce a frame of J^^'^ ^ m)+A'^*^^ d) compatible with the parabolic structure. We set 
Vij := u~^rfvj. The tuple v induces a frame of 7^p(c+i)-m/2V compatible with the parabolic structure. 

We set h := 7]""-^ g^cF^ on rpcVl''\ which is invertible. We have r]-P+"'uP-"' ^ h on V. Let k be the 
integer determined by the condition < —p + k{p — m) < p — m. We set a := —p + k{p — m). We have 

^a+i^-(a+i)^fc|-^_^.^ (a + i < p - m) 



uPfi Pvij 



^a+t~{p~m)^-{a+t)+p-rnf^k-l(^^^-^ (^a + i > p ~ m) 



Hence, uPj] p preserves 'Pp(^c+i)-m/2'^ ■ 

By the frames v and i5, we have an isomorphism Pp(c+i)-m/2V|o and VpcVa\Q ® C"™. We take a refinement 
F of the parabolic filtration of 'PpcVa\Q such that (i) F is preserved by /i|o, (ii) the induced endomorphism on 
Gr'^ is semisimple with a unique eigenvalue /3. It induces a filtration F' of 'Pp(c+i)-m/2"l^|o- On Gr 



F' 



Pri-P 



expressed by the matrix 

with respect to an appropriate base. Then, we obtain that {V^,N°°'^{'P^,V, g), 9) has type {p—m, m, o') for some 
o'. I 

Corollary 5.6 The construction AC°''^ gives a functor from the category of the germs of admissible filtered 
Higgs bundles satisfying (CO) to the category of the germs of admissible filtered Higgs bundles. I 

We denote (7V?'°°(7'*F, 6'),.g) in ^ET31 bv 7V?'°°f-p.y. 6>') for simplicity. We also denote {M^'°{V.,V,g),e) by 
N^^\V.V,g). 

Proposition 5.7 



Suppose that [V*V,9) is admissible such that V^^'^^ — Q in the type decomposition. Then, we h 



en, we nave a 



natural isomorphism M^''^ N*'°° {P*V,9) ~ {V*V,9) 



• Suppose that {V.tV,g) is admissible and satisfies the condition (CO). Then, we have a natural isomorphism 
N°'°^N^'\n,V,g) ~ {V.V,g). 

Proof Suppose that {'Pt,V,9) has type {p,m). Note that, if we set d :— m,c), then we have K2{p + 

m, m, d) = c. Let pi be the projection of UqxUt'x Uq' onto the i-th component. We have the following diagram 

on Ui^xUr X- Uc^r. 

prP,^^/p{v) piVc{v)dCK 



C-C 



PlV,_m/p{V) PlVc{V)dC/C 

We regard it as a double complex, where the left upper Pi'Pc-m/pC^) sits in the degree (0, 0). Let C denote the 
associated total complex. By the construction, N^iN^'°^ {V^,V,9) is obtained as P3^,'H^{C'). Wc can observe 
that it is isomorphic to the push- forward of Qc in ! j5.1.3l bv the projection J7^ t- — > Uq, which is naturally 
isomorphic to VcV dC,/C, — Vc+iV. The action of — r^^ is equal to / for the expression 9 = f dQ. Hence, we 
obtain the desired isomorphism A/?°'°A/^'°°(7'*y, 9) ~ {V.j,V, 9). 

Suppose that (V*V,g) has type {p,ni) with p > m. Let pi denote the projection of Ur ^ x Ur' onto the 
«-th component. We have the following commutative diagram of the sheaves on Ur xUc^x Ur''- 

plVc^iV plVc-iV 



(-r'(r-^) + l)dC 



(_r'(r-i) + l)dC 



PlVcVdc piVcVdc 
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We regard it as the double complex, where the left upper plVc-iV sits in the degree (0, 0). Let C* denote the 
associated total complex. By the construction, Afc'°°J^*°'^i'P*V,g) is naturally isomorphic to pz*'H^{C*). We 
can observe that it is naturally isomorphic to the push-forward of A^c in ^5.1.4l bv the projection Ur x C/^ — > Ur, 
which is naturally isomorphic to VcV . The action of C is given by g. Hence, we obtain the desired isomorphism 

jvS-'^j\fr°ir,v,g)^ir,v,g). I 

5.1.5 Description of the functors 

Let (V^.VjO) be a filtered Higgs bundle with slope {p,m) ^ (1,0) on U(^. Suppose that there exist a ramified 
covering (pg : U(^^ — > and a filtered Higgs bundle {V*V\9') on Uc_^ with an isomorphism ipq^,{V*V' ,9') ~ 
(■P*F, 6'). For c G M, we consider the following morphism on Uc^^^r'- 

^(c-m/p)^' ^ VgcV'dCgKq 

The quotient is denoted Q'^. The following lemma is clear by construction. 

Lemma 5.8 'K2*Q'c is naturally isomorphic to J^'^^ ^ ^-^{V*V,0). I 

Let {V^Vjip) be a filtered Higgs bundle with slope {p,m) on Ur, such that {p,m) ^ (1,0) and p > m. 
Suppose that there exist a ramified covering ipq : Ut^ — > Ur and a filtered Higgs bundle ('Pq*y,V'') on Ur^ 
with an isomorphism (fq^,{V^,V',ilj') — (^*^, ^)- Let -0' — g' ip* {—T^'^dr). For c G M, wc consider the following 
morphism on Ur 

VqcV VqcV 

Let A4'^ denote the quotient. The following is clear by construction. 

Lemma 5.9 tt2*A4'c is naturally isomorphic to J\fl^i^ ^ ^s^^-^{'P■^,V, g). I 

5.2 Algebraic Nahm transform for admissible filtered Higgs bundle 
5.2.1 Transform 

Let := C/L^. Let D C be an effective reduced divisor. Let {'P^,£,9) be a filtered Higgs bundle on 
{T^ ,D). Suppose that it is admissible around each point of D in the sense of §5.1.11 We shall construct an 
object N{V^£,d) in ^''(Otxpi)- 

For / C {1, 2, 3}, let pi be the projections of x T x onto the product of the i-th components {i E I). 
Let Voin be the Poincare bundle on x T. Applying the construction in ^5.1.21 around each point of D, we 
extend £ and £ (g) ft]^ on X \ D to C"{r^£, 0) and C^{'P^,£,9), respectively. We set 

C"{V,£,9) ■.= plC°{V,£,0)(E)pl2Voin(g)p;Opi{-l), C\V,£,0) := p\C^{V,£,e) ® pl^Voin. 

Let C be the standard coordinate of C, which induces local coordinates of T^. We have the holomorphic 1-form 
dC on T^. Let w be the standard coordinate of C C P^, which we can naturally regard as a section of C'pi(l). 
Then, we have the following morphism: 

e + wdC:&{V*£,0) — >C^{V*£,0). (52) 

Thus, we obtain a complex C*{r*£, 0) onT"^ xT x¥\ We define 

N{V,£,9) := Rp23*{C'ir*£,e))[l]. 

Lemma 5.10 There exists a neighbourhood U of oo in P\ such that W{N{V^£,e))^^^jj = unless i ^ 0. 
Moreover, TiP {^N {V^,£ ,0)\rp^,^ is semistahle of degree 0. 
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Proof Let tt^ denote the projection of x P-*^ onto the i-th component. We have the following complex 
Cl{V,£,0) on X pi; 

By the construction, N{V*£,9) is isomorphic to RFM+ (C'CP*^ , 6*)) [1]. If U is sufficiently smaU, 9 + wdC, is 
injective on x U , and the support of the cokernel is relatively 0-dimensional over U . Then, the claim of the 
lemma follows. I 

We impose the following condition. 

(AO) W{N{V^£, e)) = unless i = 0. 

Under the assumption, we naturally identify N{'P^£,6) with the 0-th cohomology sheaf 'HP{N{Vt,£,9)^^ and it 
is a vector bundle on T x P^. We define 

Nahm(7'*£,6') := N{V^£,6) ® OTycv^{*{T x {oo})). 

We shall define a filtered bundle Nahm*(7'*£, 6) over Nahm(7'*f , 9). 

By Lemma [5.10[ there exists a neighbourhood U of oo e such that 7V(P*£, 0)|'rx{Ti} a-i'e semistable of 
degree for any n € U. Let s C x U denote the spectrum. We have s n (T^ x {oo}) C D. We fix a 
lift of I? to D C C. Then, if U is sufficiently small, we may have a lift of s to s C C x t/. We obtain the 
corresponding holomorphic vector bundle V with an endoniorphism g such that Sp{g) C s. (See §2.1.31 ) We 
have the decomposition 

PGD 

where Sp{gp) n (C x {oo}) is the lift of P. We have the induced decomposition on T x [/: 

Nahm(n£:,6') = Nahm{V,£,9)p 
PeD 

Let Up C be a small neighbourhood oi P E D. We use the coordinate Cp '■= ( — P- By the construction, 
we have a natural isomorphism V p ~ Af°'°° (V*{£, 9)\Up)- We have gp = g'p + P id, where g'p is the endomor- 
phism induced by (p. Thus, we obtain a filtered bundle Nahm*(7-'*£', ^)p over Nahm{V*£ ,9)p, by transferring 
Af°'°°{r^{£,e)\u^). By taking the direct sum, we obtain a filtered bundle Nahm*(P*£, 9) over Nahm(7^*£, 9). 

Remark 5.11 We obtain a different transformation by replacing Vain and wdC, with Voin^ and —wdQ, respec- 
tively, for which we can argue in a similar way. I 

Remark 5.12 In 9 , the Fourier transform for Higgs bundles on smooth projective curves are studied. The 
algebraic Nahm transform in this paper can be regarded as a filtered variant, although we consider only the case 
where the base space is an elliptic curve. I 

5.2.2 Characteristic number 

For compact complex manifolds [i — 1,2), let G H*{Zi x Z2) denote the pull back of the fundamental 
class of Zi by the projection. 

Lemma 5.13 We have Jrp^pi ci (Nahma(7^*f , 0))wpi = for any a e M. 

Proof It follows from that Nahma(7'*£, 9) j Nahm<a(7'*£, 0) is of degree for any a G M. I 

The following lemma can be checked easily. 
Lemma 5.14 C2(NahmQ(7'»£, (?)) is independent of a eM.. We denote it by C2(Nahm*(7'*£, 6*)) . I 
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Around each P € D, we have the type decomposition {V^S, 9) = ^ g){V*£^'"^\9p'^^). We set 



£p := dimCok(Res(6') : Gr]^ {£^p f) — > Gr]^ {S^p f) 

We put r^o"^ — ^^^M^p,'(r^) /P r^'™' :— fp'o^K We have J2p m i~p'"^^P — rank£. 
Proposition 5.15 We have the following equalities: 

rank Nsihm{V^£, 6') - ""p iP + m)-J2^P (53) 



P p.m P 

[ ci (Nahni, {V,£, 9)) ■ ojt = deg{V,£) (54) 
/ C2(Nahm47'*£:,6l)) = rankf (55) 

Proof Let us prove ([5^ and We have only to consider the rank and the degree of Nahm* (P*5, ^)|{o}xpi • 
Let V C ViE be the subsheaf determined by the following conditions: 

• V = ViE on the complement of D. 

• It has a decomposition V = 0p Vp around each P e D. 

. We have vj^f^ = ^i/24T^ (^^' ^ (1' 0)' V^pf - T'lfj^^^''^ 

Let TTi denote the projection of x onto the z-th component. We have the following 7<r-theoretic description: 

(Ci(7'.£:,0)-C°(7'.f,^)) ^ ^^^=<(v-^Or^)-.;Op.(-l).<(v-;^ ^ 0e.<fr'(p+™)^ 

Pezj PeDp,m,o 

The Chern character of ((56|) is equal to the following: 

7ri*ch(V) - £pOJT- - (1 -cjpi)(7r*ch(V) - ^ ^ r^^'"^ (p + m)wTv) 

PeD P p,m 

= (E E '"^ {p + m)-J2 ^p) + u;pi ttI ch(V) - ^ ^ r^^'") (p + m)wTv (57) 

P p,m P P p,m 

Hence, the Chern character of -/V(7^^,^^, ^)||Q}^pi is 

E E '"^ (P + m) - ^ + cp. (deg(V) ^P '"^ + 

P p,m P P p,m 

= E E ^P (P + -) - E + (deg(V(-i?)) -EE '^P "'^-) • (58) 

P p.m P P p.m 

In particular, we obtain (f55j) . We also obtain the following equality: 



deg(Ar(7',£,0)|{o}xpO = deg(V(-i?)) - EE 

P p.m 



(p,m) 



For the parabolic characteristic numbers, we have the following expressions: 

deg(P.£) = deg(V(-i5)) -EE H-pAT^) 

P^D p.7n,o 
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Let us look at the contribution of the parabohc structure. In the case (p, m, o) ~ {1, 0, 0), we have 
(5(Nahm,(7'*£,6i)^^;o'') = ^ cdimGr^ NahmCP*5, 6l)^^o"^ = ^ cdim Grn4!o°') = '5C^*4!o°^)- 

-l<c<0 -l<c<0 

Let us consider the case (p, m, o) ^ (1,0,0). Let fp : [/„ — > Up he given by ip{u) = u^. We have the 

{p.m) 



decomposition ^p* {V^£''j^'^\e^^;^'^) ^ ©„eo(7'*ya, fila)- For any c G M, we put 



'"p.o.c ■= dimGr^ F^. 



We have the following equality: 



-p/2-l<c<-p/2 -p/2-l<c<-p/2 ^ 

0<j<p-l 



We also have the following equality from the expression of the parabolic structure of AC '°°{V*£, 0) in the proof 
of Lemma 15.31 



j(Nahm(P.£,e)(?:-'")). E /t"f-^2(fh^ = ^ (^^ - - - - 1) 



-p/2-l<c<-p/2 ^ ' -p/2-l<c<-p/2 

0<j<p+rn— 1 



Then, the equality ([M)) follows from J2co''^p'co ~ ''p '"^- 

Let us prove ([55]) . We have Jj,^^, C2 (Nahm* ('P*£, 6l)) = /^^pi C2{N{'P*£,9)). We also have the following: 

/ C2{N{V.£,0)) = - / ch2(Ar(7'*£:,0)) = - / ch3{C'-C") 

JTxPi JTxPi JT"^xTxPi 

We have ch3(C^) = 0. We have Ci{VoinY = — 2wt'^tv- We also have 



ch3(C ) = / rank(V)a;TWTva;pi = rank(V). 

T^xTxPi JT^xTxV^ 



Hence, we obtain ([55)1 . 



5.3 Algebraic Nahm transform for admissible filtered bundles 
5.3.1 Preliminary 

Let U C be a small neighbourhood of oo. We introduce some conditions on filtered bundles V*E on 
{TxU,Tx {oo}). 

(Al) VcE^Txoo are semistable of degree for any c € R. 

Let Sp^{E) C denote the spectrum of VcE^xxoo- It is independent of c. We fix its lift to Sp^{E) C C. 
Then, for a small neighbourhood C/' of oo e P^,^e obtain the corresponding filtered bundle V^V with an 
endomorphism g on (C/',oo) such that Sp{g\ao) — ^Pcoi-^)- We have the decomposition 

iV,V,g)^ (V.Vp.gp) 

such that Sp{gp) n (C x {oo}) is the lift of P. A filtered bundle satisfying (Al) is called admissible, if it satisfies 
the following condition, which is independent of the choice of Spr^ {E) . 
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(A2) {V^Vp, gp ~ P id) is admissible in the sense of jjS. 1.41 for any P. 

We introduce a stability condition for filtered bundles on (T x P^, T x {oo}) satisfying the conditions (Al,2), 
by following [8]. Let lot G H^{T x P^, Z) denote the pull back of the fundamental class of T by the projection 
T X Pi — >T. For a filtered bundle V^£ on (T x pi, T x {oo}), we define the degree of V^£ by 

deg(P*£) :— / par-Cj(7'*£)ajT = / par-Ci('P*£^). 

We say that the filtered bundle V*E is stable (semistable), if deg('P*£) < (resp. deg(7^*£') < 0) for any 
V^S C V*E such that (i) < rankf < ranki?, (ii) P^£ also satisfies (Al,2). We say that a semistable filtered 
bundle V^.E is polystable, if it has a decomposition V^.E = @V^,Ei such that each V*Ei is stable. The following 
lemma is clear. 

Lemma 5.16 Let V^,E be a filtered bundle on {T x P^,T x {oo}) satisfying (Al,2). If V^E is stable, then 
V^.E'^ is also stable. I 

It is standard that the stability condition implies the vanishing of some cohomology groups. 

Lemma 5.17 LetV*E be a filtered bundle on (TxP^jTx {oo}) satisfying (Al,2). IfV*E is stable, it satisfies 
the following condition (A3). 

(A3) For n = 0, 1 and for any LeT'^ , we have H'{T x P\7'„£' (g) L) = unless i = 1. 

Proof Because V*E is stable of degree 0, we obtain that H°{T x P^,VcE) — for any c < 0. Indeed, a 
non-zero section induces a filtered subsheaf V*0 C V^E, which is strict with deg{V*0) > 0. Because [V*EY 
is also stable of degree 0, we have H'^(T x P^jVcE"^) = for any c < 0. By using the Serre duality, we obtain 
that ij2(T X ¥^,'PcE) = for c > -1. Hence, V^E satisfies the conditions (A3). I 

We give a simple remark on some cohomology group associated to V^E satisfying (Al). 

Lemma 5.18 Let V^E be a filtered bundle on (T x P^, T x {oo}) satisfying (Al) . Let L be a holomorphic line 
bundle onT. Suppose ^ Sp^{VifE®L). LetU be any Otxp^ -submodule ofVcE (c e M) such that (i)U\Ty.c„ = 
'PcE^TxC^, (ii) l^\Tx{oo} IS semistable of degree Then, we have {T x ,11 L) ^ (T x F\rcE <^L). 

Proof Let tt : T x P^ — > P^ be the projection. By the assumption, we obtain Rtt^,{U (g) L) ~ Rtt^,{'PcE L), 
because both of them vanish around oo. Then, the claim of the lemma follows. I 

5.3.2 Transform to filtered Higgs bundles 

For / C {1, 2, 3}, let pi be the projection of x T x P^ onto the product of the i-th components (« S /). Let 
Voin denote the Poincare bundle on x T. 

Let r^E be a filtered bundle on (TxP^, Tx{oo}) satisfying the conditions (Al-3). We put D := Sp^{V^E). 
We define 

^a\mv{V^E) R^pi^{p\^Voin^ (}(> p^^^P^iE) ® Or^i^D). 
By (A3), Nahm(7'*i?) is a locally free O^v (*I?)-module. By Lemma [5.181 we have a natural isomorphism 

Nahm{V,E) ~ (pJa^o*"'' «) p^gT'o^^) <S> Otv (*£>). 

Let w be the standard coordinate of C C P^. It naturally gives a section of C'pi(l). The multiplication of w 
induces an endomorphism g of Nahm(7'*£^). We obtain a Higgs field 9 :~ —gd( of Nahm(P*iJ). We shall define 
a fihered bundle Nahm*('P*i;) = (NahmQ('P*£') | a G R) over Nahm('P*£;). 

We have the decomposition V*E = 0pg5p 0^ „ o^*-^Po"^ corresponding to the type decomposition 

iV,Vp,gp - P) = e(7'*V^^^r\5Ro"') for any P e D. We have the endomorphism / = Ep Ep,™,o /pT^ 
V^,E, corresponding to g. Let U C VcE (c G M) be an Orxpi-submodule satisfying the following conditions: 
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• ^|TxC — 'PcE\TxC- 

• ^|Tx{oo} is semistable of degree 0. 

• Uhasa decomposition W = 0p ©p^^.o^^jfo"'' around T x {oo}, where u'^'^^ := W n VcE^^^'^'\ 

. 7'-i4X^ C C T'o^T^ for any P D. 

We define iV(Z^) := R^pi^{pl2Voin' ® p^^U) . 

Lemma 5.19 We have R''pi^,(pl2T'oin^ p'^^U'j = unless i = 1. In particular, N{U) is a locally free Ot'^ - 
module. 

Proof The vanishing around P ^ D is easy. We obtain the foUowing object in I?''(C'j-vxpi): 

RFM_(t/) :=pi3,(p*2^om^ <E)p*23U)[l] 

We can express RFM_(iY) as a two term complex of locaUy free O^'^xr^ modules A/"-! — ^ A/q. Because a is 
generically isomorphism, it is injective. Hence, we have RFM_(Z^) = 'H°(RFM_(Z^)). We will not distinguish 
them. 

Suppose G Sp^{E). Let Uq C denote a small neighbourhood of 0. Let Woo C be a small 
neighbourhood of oo. We have the following decomposition: 



p,m,o 



If {p, m, o) 7^ (1, 0, 0), the support of RFM_ 4^„"^) is proper over Uq. Hence, we have the following decompo- 
sition: 

RFM_(Z^)|y„xpi = RFM_(Zi(P„'"')©X(W). (59) 

(p,m, 0)5^(1, 0,0) 

Here, M{U)iUoxw^ = RFM_{U^','^). 

Let TT : X pi — s- be the projection. By the condition (A3), we have R^n^RFM^{V-iE) = 0. 
If V-iE C U, we obtain i^^Tr* RFM_(W) = 0. It implies that R^n^MiU) = for such U. By using the 
decomposition ((59)) . we obtain R^tt^M{U) = for any as above. Hence, we obtain the desired vanishing 
around £ T^. We can use the same argument for the other points P G D. I 

We have N{U){*D) = Nahm(7'*i?). By the proof, we obtain the following decomposition around any P £ D 
induced by the decomposition ([59|) : 

N{U) = 7V(W)(?r^ 
In particular, we have the following decomposition around any P £ D: 



Nahm{V,E) = Nahm(7'*£;)^^„'"^ (60) 



p,m.o 



If {p,m,o) 7^ (1,0,0), we have a natural isomorphism Nahm(7'*£')p ^'-^ ~ A/'^°°^°-'(7'*Fpjj" , 5p^' ). Under 
the isomorphism, we define 

Nahm„(7',ii;)^^„'") ACr^^^*^^^^ ^pT^ 
Let us consider the case (p, m, o) = (1, 0, 0). First, we define 

Nahmo(7'*-B)^'o"^ :- N{V-iE)^p-^\ 
We set £p := 7'oi?pQ''/'P-ii?po"''. We have the following exact sequence around P: 

N{V-iEfpf — > N{V^Efp'°^ R^pi,{pl2Poin®p*2^€p) 
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The multiplication of ( on R^pi^ (p^2^'^*'^'^P23^p) by construction. Hence, we have the induced surjection: 

Let K denote the kernel. We have the following morphisms: 

R'pi.{pl2Voin(g>p*^^p) ~ N{VoE)^^;°IJK a N{V-iE)^^;^f^ 
Here, h is the injection induced by the multiplication of C. We have a natural isomorphism of C-vector spaces: 

R'pi,{pl^Voin(^p*:,€p) ~ VoV^'JIl 
Hence, for any — 1 < c < 0, we define 

F,{NahmoiV,E)'-^f ® Op) F,{VoV^'°p. 

We also set Fo{Nsihmo{V*E)^pf ®Op) = Nahmo(7'*£;)^^o°^ ®Op. The filtration of Nahmo(7'*-B)^^o"^ ®Op 
indexed by ] — 1, 0] induces a filtered bundle Nahm*(7-'*i?)pg°'* over Nahm(7'*i;)^^_o^ In aU, we obtain a filtered 
bundle Nahm*(7'*i?) over Nahm(P*i?). We also denote the filtered Higgs bundle (Nahm*(7'*i?), 0) just by 
Nahm* {V*E). 

Remark 5.20 We obtain a different transformation by replacing Voin with Voin^ , for which we can argue in 
a similar way. I 

5.3.3 Inversion 
Proposition 5.21 

• Let (V*£,9) be an admissible filtered Higgs bundle on (T'^ , D) satisfying (AO). Then, Nahni*(7'*£, 0) 
satisfies the conditions (Al— 3), and we have a natural isomorphism Nahm* (Nahm* (7^*f , 0)) ~ [V*£,9). 

• Let V^E be a filtered bundle on (T x P^, T x {oo}) satisfying the conditions (Al— 3). Then, l>lahra^,(V^,E) 
is admissible and satisfies the condition (AO). We have a natural isomorphism Nahm* (Nahm*(7'*i?)) ~ 

r,E. 

Proof For / C {1,2,3}, let pi be the projection of x T x onto the product of the j-th components 
{i e /). Let (V*E,e) be an admissible Higgs bundle on {T'^,D). Clearly, Nahm(7'*£;, 6*) satisfies (Al). It 
satisfies (A2) by Proposition 15.71 Let L e T^. Let us consider the following complex on x T x P^: 

C° =plC'^{V,£,0)(E)p*23Voin(g)p*2L'' (g)plOpi{-l) (fi ^ plC\V,£ ,0) (g) p*23Voin (g> p*2L'' . 

Wehavepi2*C* =i i?Vi2*C*[-l] o± C\V^£,9)(»Voin(»L''[-l] onT'^xT. For the projection tt ■.T'^xT — > T"" , 
we have TT*{C^(r*£, e)®Voin®L''^) ~ R^t:^{C'^(V^£, e)®Voin®L'^)[-l], which is a skyscraper sheaf Ci(7'*£:, e)\L 
at L. Hence, we have 

We can deduce W{T x pi, Ar(7'*£, 9)) unless i = 1. We have 

Pi2* (C* ® Opi (-1)) ^ R^Pi2* (C* (g) Opi (-1)) [-1] ~ C°{V^£, 0) (g> Vain (g) L"" [-1] 
on T X T^ . Hence, we have 

ff(TVxTxP\r^O,.(-l))^{ l-i') 
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We can deduce W{T x F^,N{'P*£,9) (E) Opi(-l)) = 0. By the argument in Lemma [HH we obtain that 
Nahm(7'*£,0) satisfies the condition (A3). By the same argument, we obtain that 



Nahm(Nahm(7'*£, 0)) 0{*D) ~ {£, ( 



If {p,m,o) 7^ (1,0,0), we obtain the comparison of the filtered bundles over fj?^™-' from Proposition 15.71 We 

obtain the comparison of the filtered bundles over s'^p'^'^ directly from the construction. Thus, we obtain the 
first claim. 

Let V*E be the filtered bundle on (T x pi,r x {oo}) satisfying (Al-3). By using the description in H5.3.2I 
with Lemma [5.51 we obtain that Nahm(7'*i5) is admissible. Let V C VqE be determined by the conditions (i) 
V ~ VqE outside of D, (ii) we have a decomposition V = Vp j,™^ around each P e D such that 



(P,m) _ / VoE'i^f, iip,m,o) = (1,0,0)), 

7'_i/2i;li;r\ (otherwise). 



We have C°{Nahm{n,E)) = N{V (g> Opi(-l)) and C^(Nahra{V.,E)) = N{V). The differential is induced by the 
multiplication oi —w. We shall rewrite 

C°{Nahm{V,E)) ^ Opihl) C^-NahmiV.E)). (61) 

For / C {1,2,3,4,5}, let pi denote the projection of T x x T"^ x T x onto the product of the i-th 
components {i E I). We set 

Co -.^ p*i2{^ <^ Opi{~l)) pl^Voin^ (8)P34'Pom(8)p50pi(-l) 

Ci Pi2 V ® pl^Voin^ (g) p^^Voin 

We regard Opi(l) = C'pi({oo}), and let t : Opi — > C'pi({oo}) be the natural inclusion. Let G : Cq — > Ci be 
induced by ~P2W ® pt^L + P2i ® P^w. Then, ((6T|) is naturally isomorphic to i?^p345* ^Cq Cij . 

For / C {1,2,3, 4} let qi denote the projection of T x x T x P^ onto the product of the i-th components 
(i G /). The complex pi345*(Co Ci) is quasi isomorphic to 

g^V ® ql2'Poin^ ® q2^Voin[—l]. 

For / C {1, 2, 3}, let s/ denote the projection of T x T x P^ onto the product of the i-th components (i e /). 
We have the following natural isomorphism 

9134* (^mV ® q\2'Poin' ® q2^Voin[—V\) ~ s\^V ® sJ2C'a[-2] 

Here, Oa denote the structure sheaf of the diagonal in T x T. Then, we obtain a natural isomorphism 

V ~ N{Nahm{V^E,e)) 

as OT-xpi-modules. In particular, we obtain that (AO) is satisfied for Nahm(P*£', 9). If {p, m, o) ^ (1, 0, 0), we 
obtain the comparison of the filtered bundles over V(*(r X {oo}))p'^^ from Proposition O The comparison 
in the case {p, m, o) — {1, 0, 0) follows directly from the construction. I 

Corollary 5.22 LetV*E be a filtered bundle on (rxP^,Tx {cxd}) satisfying the conditions (Al— 3). We have 

degiV^E) ^ deg(Nahm(7'*£;)) 

Proof It follows from Proposition 15.151 and Proposition 15.211 I 
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5.4 Refinement for good filtered Higgs bundles 
5.4.1 Good filtered Higgs bundles 

Let X and D be as in i jS.l.ll Let {V^,V.6) be a good filtered Higgs bundle on {X,D). Namely, there exists a 
ramified covering Lpp : {X(p\d(p^) — > {X,D) given by ^Pp{zp) = z'p with a decomposition 

^;{V.VS= {vM''\e'i^^), (62) 

such that 9^a^ — (iaid^<p> is logarithmic. Let lrr((^*0) denote the set of o such that Va^^ ^ 0. The Galois group 
Gal((^p) naturally acts on ip*{V^V,9) and Irr((/3*6'). The quotient set Irr((^*6')/ Gal((y9p) is denoted by Irr{ip*6). 
We have the orbit decomposition lrr{(p;e) = lJ„girr(^;e) o. We set (■P*yjP\ 6*1^^) 0„g„ (7'*yj^\ 6li^^ ). We 

obtain a Gal((pp)-equivariant decomposition ipp{V^,V,9) — ®ogIrr(y,•6l)(^*^o^^ ^o^^)- descent, we obtain 

a decomposition 

^V,V,e)^ {V.Vo.Qo)- (63) 

oeIrr(ij3*e) 

If we have a factorization ipp = (pp^ o tp^^ such that (^^^('P*^,^) has a decomposition as above. Then, ipp^ 
gives a bijection Irr((^*^6') ~ Irr(cp*6'). It induces a bijection of the quotient sets by the Galois groups. By the 
identification, we denote them by lrr(0) and Irr(6'). The decomposition ([55)1 is independent of the choice of ^pp. 

For each o G lrr(0), there exists a minimum among the numbers p such that (^* (T'* Vo , 0o) ti^is a 
decomposition such as ([5^ . In this case, we have |o| = Po- We set X" X^^'^ (^o :— Lpp^ and := Zp^ . We 
have the decomposition on X": 

f:{v.Vo,e,)^^{v.v:,e',). (64) 

For any a G o, we have a natural isomorphism {V*Vo,Oo) ~ ipo^{V*V° ,6°). We set TOo := (ord_^-i a) which is 
independent of a € o. 

If {V*V, 6) = {V*V„,9„), we say that {J^*V, 9) has pure irregularity o in this paper. 

If X is shrank appropriately, we have the following decomposition, which is a refinement of (|62p . 

such that the eigenvalues of the residues Res(0a^Q — (da + padz/z) id^{p> ) are 0. Let (7^* Vo.q, ^o,a) be the 
descent of 0(jgo('P*vj,a , ^'i^'a) to X. We obtain a decomposition 

{v,v,e)= 0(7'*K,„,0o^„). 

oeIrr(6l) aeC 

On X", we have a decomposition: 

^;(P*K,a,0o,a) = 0(P*K%,^a%) 
nG 

Lemma 5.23 Let (7^*y,0) &e a good filtered Higgs bundle. LetV^V be a strict Higgs subbundle, i.e., V^V is 
a strict filtered subbundle ofV*V such that 9{V') C V i^fl^. The restriction of 9 to V is denoted by 9'. Then, 
{VitV ,9') is also good. 

Proof Suppose {J'^V,9) is unramified with the decomposition {'P*V,9) ~ ®{'P*Va,9a). Because 9{V') C 
V ® we have V = 0(y' n K)- By the strictness, we obtain V^V = ®{V' n V^Va). Hence, {V^V , 9') is 
good. The ramified case can be reduced to the unramified case by the descent. I 
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Take p E Z>o and m G Z>o with g.c.d.(p, m) — 1. Let Irr(6',p, m) := {o G Irr(6') | Po/too = p/m}. We have 

o£lrr{6 ,p,m) 

For any o G J{p^ m), we have Irr(^,;?, m, o) C Irr(^,p, m) such that 

o£lrr(6', p,m,o) 

Take any a G o. For each o G Irr(^,77, m, o), we have a G o such that 

0Glrr(^?, p,m,o) 

Here, '^p^/p is the ramified covering — !• X^^^ given by Lpp^/p{zo) = z^"^^. Let c € R. We take a frame 
■Wo = {vo,i) oiVp^cV" compatible with the parabohc structure. Then, the tuple of the sections 

|z;^Wo,i elvY{6,p,m,o), 1 < i < rank V^,", < j < Po/p| 

gives a frame of VpcVa^^ 

5.4.2 Description of the parabolic structure of A/i''°°('P*F, 0) 

Let be a small neighborhood of in C(^. Let {J^^,V,9) be a good filtered Higgs bundle on (C/(;,0). For 
simphcity, we assume that {T'^,V,9) has slope {p,m). We take ago for each o £ lrr(0). Let c g R. We take 
a frame = (fo,i) of Vcp^V" compatible with the parabolic structure. Each Co'^^o. idz^ / induces a section 
of N'°°'^{V*V,9), denoted by [Co^cidzo / z^] . The following lemma is clear by the construction of the filtered 
bundle Af^'°° {V^,V, 9). (See the proof of Lemma 1^31 ) 

Lemma 5.24 The tuple 

{[C^c.dCc/Co] |c.elrr(0), 0<j<pc,+m„, 1 < i < rank l^^" } 

is a frame of Af^'^^ ^ ^-^{V^V^ 9), compatible with the parabolic structure. If the parabolic degree of Vg i is b, the 
parabolic degree of [(^ivg^idCo/ Co] is (b — j — ma/2^(^po + mg) ^. I 

5.4.3 Description of the parabolic structure of Af^''^{V^,V,g) 

Let {'P^.V,g) be a filtered bundle with an endomorphism on {Ur,0) such that 'P^.V with := —r^^gdr is good 
filtered Higgs bundle. For simplicity, we assume that (7^*y, g) has a slope (p, m) with p > m 7^ 0. 

We take a € for each G Irr(7/;). Let c G R. We take a frame Vg = (fo,i) of Vcp^V" compatible with the 
parabolic structure. Each rlvg^i induces a section of A/'°°'''(7'*y, <?), denoted by [toWo ^]. The following lemma 
is clear by the construction of the filtered bundle N!^'^ {V^V, g). (See the proof of Lemma [5.51 ) 

Lemma 5.25 The tuple 

|[T^Wo,i] G Irr(V'), < j < - Too, 1 < i < rank V^" I 

is a frame of Af^^^ ^■^{V^.V, g) compatible with the parabolic structure. If the parabolic degree ofvo.i is b, the 
parabolic degree ofrivo^i is (b - j + Po ~ mo 
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5.4.4 A stationary phase formula 

We have the following type of stationary phase formula for the local Nahm transform, which is analogue of the 
stationary phase formula for the local Fourier transform (See [TB], [TH], [H], [33], [33, and [43] .) 

Theorem 5.26 Let {V*V,9) be an admissible filtered Higgs bundle on Uq. 

• [V^V^O) is good, if and only if J\f!^'°° {V^,V,0) is good. 

• Suppose {V*V, 9) ~ Lppi,{Vi,V' , 0'), where 9' — daiA is logarithmic for some a € Cj7"'^C[^j7"'^] '^^^^ deg^-i a = 
m > 0. Then, there exists (V*W' jip') on Ur^^^ such that (i) tp' — dh is logarithmic for some fa G 
'^v+nS--['''v+ni\ with deg^-i fa = m, (ii) we have an isomorphism 

Moreover, we have an isomorphism GtP^{V') ~ Gr^_„j/2(W^') under which Res(iy9*6') — Res((/3*_|_„jV'')- 
(The choice of fa will be explained in the proof.) 

• If (V^.VjO) is logarithmic, (7^*W,V') ■= J^'°" {V^VjO) is also logarithmic. Moreover, we have an isomor- 
phism 

Gr^iV) (-l<c<0) 
Im(Res(6l) : Gr^(F) — > Gt'^ {V)) (c 0) 



Gr-^iW): 

Under the isomorphism, we have Res('i/') — Res(0). 



Proof Let us begin with the third claim. We obtain the isomorphism of the associated graded vector spaces 
by the construction of V^.W. We have the expression 9 = f d(/(, where / is an endomorphism of V^.V. It 
naturally induces an endomorphism /' of V*W, and we have — f dr /t hy the construction. Thus, we obtain 
the third claim. 

Let us consider the second claim. Our argument is close to that in [TB]. To simplify the notation, we set 
r] :— Tp+rn and u :— C,p. We set G{u) :— udua{u) = X^jli ctjU~^ . Let w := g27rv^/(p+m) have holomorphic 
functions ^(^'(r/) (i = 0, . . . ,p + m — 1) on C/^, satisfying 9^u'^*'(0) = (0)aj* and 

G(u(*)(r7)) +pu«(7/)P/77f+" = 0. 

For any c G R, we consider '■= 'Pc-m/2'fp+m-^'^'°°^*^T^)- We take a frame v of VcV compatible 

with the parabolic structure. We put Vij := {r]~^uyvj {0<i<p + m— 1, 1 < j < rankV^'). They induce 
a frame of ^£-771/2^, which is compatible with the parabolic structure. By the frames, for c — 1 < d < c, we 
obtain an isomorphism 

Grr-W2C^)^GrJ(^')®C^'+™. (65) 
The following lemma can be checked by a direct computation. 
Lemma 5.27 rj^^u gives an endomorphism F ofV^V. On GrJ_^/2(^)! we have 

{i^i+ij {i <p + m- 1) 

-p ^ami^oj {i=p + m-l) 
The eigenvalues of F on Gr^ are (?,,u'^*)(0) (i = 0, . . . ,p + m — 1). I 

By the lemma, we obtain the decomposition {V^V,F) = 0^1™"^(7'*V(-'), i^^-')) such that f!^^'^ has a unique 
eigenvalue d,^u^^\Q). Note that 7V°'°°('P*F, 6*) ~ ipp+„r*{vM°\C,{-T-'^dT)) . We also have an isomorphism 
GrnF')^Grr_„/2(V(°)). 
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We have the expression 9a — {G{u) + /) du/u, where / is an endomorphism of V^V . On Pc-m/2V, we have 
r]"^{G{u) +puP/rf'^'^) = —if^f- We have the following decomposition: 

p+m — 1 
i=l 

Because r]^^u — ri^^u^^'{rj) (1 < j < p — m) arc invertible we obtain the following 

p^m— 1 

Let (3fc(a;, y) = Y.i+j=k ^^V^ ■ We have 

p+m — 1 

= -/ n (^~'w-77-iu(^)(77))(7?-iurp-iQp_i(rr'^x,rr^u(°)(?7)) (66) 

Hence, we obtain that [c/t - u^^>\ri)Pr]-P-"''^V^V^^^'^ C "P^V^"). Moreover, on Gr^(V(°)), the endomorphisms 
u/t] and u^^\rj)/ri are the multiplication of 9^u'^°'(0). Hence, [q/t — it*^°^ (77)^77^^^'"^ acts as — (p + m)^^f on 

Gr^(V). We set T'*!^' := VM°'> and V' := -Qr-^dr = -(C/r) (p + nijdrj/rj. We have b G 77-iC[7?-i] uniquely 
determined by the condition that rjd^^b is equal to the polar part of — (p + m)u'^^\riiYri~P~"^ . Then, ip' — dh is 
logarithmic. The residue acts as /. Hence, the second claim of Theorem 15.261 follows. It also implies the "only 
if" part in the first claim. 

Let us prove the "if" part of the first claim. We use the inverse transform. Let {V*W,ip) be a good 
filtered Higgs bundle on {Ut,0) which is isomorphic to Lpp^,{V*W' where ip' — dbid is logarithmic for some 
b € T~^C[r~^] with deg^-i b = m < p. If p = 1, we assume that any eigenvalue of Res(V'') is not 0. The claim 
of Theorem 15.261 follows from the next proposition. 

Proposition 5.28 There exists {V*V',9') on Uq^_^ such that (i) 0' — do id is logarithmic for some a E 
Cp-m'^[Cp-m]' r**/* ^'^^fi an isomorphism ipp^rn*{'P*V' ,0') ~ A/?°'°(7'*VF, -(/')• 

Proof To simplify the notation, we set rj := Tp and u := Cp-m- We have the expression 

={G{rj)id+7jPf)^;{-T-''dr), 

such that (i) G{ri) = Y^^JLi with /3m 7^ 0, (ii) / is an endomorphism of V^.W. We fix a holomorphic 

function rj'-'^^u) such that G{r]'-°^u)) - u^^'" = such that < Ci < Iry^^V""! < ^"2 for some constants d. 

We set ^£+^-171/2^ := 'Pc+p-m/2Vp-m-^°°'°i'^*^ii')- Let d be a frame of VcW compatible with the 
parabolic structure. We set Vij = u~^ri^Vj {0<i<p~m — 1, 1 < j < rankM^'). They induce a frame of 
Vc+p-m/2^ compatible with the parabolic structure. By using the frame, for any c — 1 < d < c, we obtain an 
isomorphism GrJ_^p_„/2 

(V) ~ Gr^(Vl^') ^ CP-™. The following lemma can be checked directly. 

Lemma 5.29 u~^ri gives an endomorphism F of V^V, preserving the parabolic structure, and the induced 
endomorphism on Gr^(V) is given by Fivij) — (i — 0, . . . ,p — m — 2) and F(up-m-i,j) = ~Pm^''^o,j- The 

eigenvalues are w'^uTy^'^'' (0) (i = 0, . . . ,p — m — 1), where uj — e^'^^-Z^l^v-™) ^ | 

We obtain the decomposition (P*V,F) = 0f^""^(7'*V(^), i^(*)) such that f]^^ has a unique eigenvalue 
w*9ury*^°^(0). We have an isomorphism (^p_,„* (7'*V^°\ —T^^d^) ~ A/?°'°(7'*M^, ■(/')• We also have an isomorphism 
Grr+p-W2C^^°^)^Grr(P^')- 
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We have G{r]) ~ uP-"" = -tjPJ on V. Note that W^^"""^^ Ejli ft^P-j-il^^^H"), »?) is hwertible on 
'^c+p-nx/2V"'. Hence, we obtain the fohowing on 

m _ ^ 

i=i 

We have the following: 

Hence, we obtain that uP-"'{t]-p - r]'^°\u)-P) is an endomorphism of V^V'^^K We set V*V' := 7-'*V'"'' and 
0' := —T~^(p*_j^d( = —ri~P{j) — m)uP~"^{du/u). We have a G u^^C[u^^] uniquely determined by the condition 
uduO. — ~T]'''^\u)^P{p ~ m)uP~"\ Then, 9' — da is logarithmic. Thus, the proof of Proposition 15 . 281 and 15 . 26l are 
finished. I 



5.4.5 Good filtered bundles 

Let Ur C be a neighbourhood of oo with a coordinate r such that r(oo) = 0. Let P^i? be a filtered bundle 
on (T xUr,T X {oo}) satisfying (Al). We take a lift &p^(V*E) C C of Sp^{V.,E). By shrinking Ur, we 
obtain the corresponding filtered bundle V^V with an endomorphism g on oo). The filtered bundle V*E is 
called good, if {V*V, —r^^gdr) is a good filtered Higgs bundle. 
We obtain the following corollary from Proposition 15.281 

Corollary 5.30 

• Let (V*£,0) be a good filtered Higgs bundle on {T^ ,D) satisfying (AO). Then, Nahm*(7'*f , 61) is a good 
filtered bundle. 

• Let V^E be a good filtered bundle on (T x , T x {oo}) satisfying (Al— 3) . Then, Nahm* [V^.E] is a good 
filtered Higgs bundle. I 



5.5 Filtered bundles (Appendix) 

Let X be a complex manifold with a smooth hypersurface D. (For simplicity, we restrict ourselves to the case 
that D is smooth, which we need in this paper.) Let f be a coherent Cx(*-D)-module. Let D — Ujg^ -Di be 
the decomposition into the connected components. A filtered sheaf over £ is an increasing sequence of coherent 
Cjf-submodules Va£ C £ indexed by satisfying the following. 

• 'Pa£\X\D = £\x\D- 

• On a small neighbourhood U of Dt (i G A), 'Pa£\u depends only on a^, which we denote by Vaii£\u)- 

• 'Pa£ = C\a<b ^b£, whcrc a < b means a; < bi for any i G A. 

• We have Va+n£ = 'Pa£{J2 ^1^1)1 where n = (ui) G Z^. 

For a small neighbourhood U of A, we set Va{£)\Di ■= '^a{£\u)\Di, 'P<a{£\u) ■= J2b<a'^b{£\u), and *Gr^(£) := 
'Pa{£\u)/V<a{£\u), which are coherent -modules. 

A filtered sheaf V^,£ is called a filtered bundle, if (i) Va£ are locally free Ox-modules, (h) 'Gr^(£) are 
locally free O^i^ -modules. 

A morphism of filtered sheaves V*£i — > V*£2 means a morphism of Ox-modules which is compatible with 
the filtrations. A subobject V*£i C 'P*£ is a subsheaf £1 C £ satisfying Va{£i) C 'Pa{£) for any a. It is called 
strict, if 'Pa{£i) = f 1 n ra{£) for any a G M. 
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The direct sum of filtered bundles {i = 1,2) is defined as Vai^i © S2) — VaSi ® VaS^- The tensor 

product of filtered bundles is defined as Va{£i ® £2) — Ylb+cKa ^b(^i) ® "^0(^2)- The inner homomorphism is 
defined as 7'a'Hom(£i, £2) = {/ e Hom{£i,£2) \ f{Vb£i) C 'Pb+a£2]- 

Let (f : {X',D') — > (X,D) be a ramified covering with D' = IJjgA and D = YiieA^i- 
degree of the ramification. Let V^.S he a filtered bundle over £. The pull back of a filtered bundle is defined by 
Va'P*£ = Eeb+rx<a ^* ^hcre cb = {eA | z G A). 

5.5.1 The parabolic first Chern class 

We set Var{V*£,i) {a £ R|*Gr^(£:) ^ O} and Var{Pc,£,i) := {a e Var{V*£,i) | Oi - 1 < a < ai}. For 
a - 1< 6 < a, let FbVai£)\D, be the image of n(f Va{£)\D.- We have Grf = 'Grfi£) for 

a — 1 < 5 < a. 

Let 'P^,£ be a filtered sheaf on {X, D). Suppose that £ is torsion-free. The parabolic first Chern class of 'Pt,£ 
is defined as 

par-ci(7'*f ) = c^{Va£) J2 bdim^Gr^f ) [A]. 

ieA beVariVcuSA) 

Here, [Z^i] is the cohomology class of Di. It is independent of the choice of a. 

Let Ui be a small neighbourhood of Di. Suppose that we are given a decomposition V*£\u- = ®kei{i) '^*£i,k 
for each i e A. Let Uhea, locally free Ojf-submodule oi£ such that U\u. — 0feg/(i) 'Pa{k,i)£i,k, where a{k, i) G K. 
It is easy to check the following equality: 

pa.T-c^ir,£) = ciiU)-J2 6rankGrr(f.,fe)[A] 

6 L^-instantons and wild harmonic bundles 

6.1 Nahm transform for wild harmonic bundles on 
6.1.1 Construction 

Let D be a non-empty finite subset of T^. We fix a Kahler metric gT^\_D of \ D, which is Poincare 
like around D. Let {E,dE,0,h) be a wild harmonic bundle on {T"^ ,D). We assume that {E,dE,0,h) has a 
singularity at each point of D, i.e., has a pole, or the parabolic structure is non-trivial. Let Hl^2{E, Oe, 0, h) 
denote the i-th L^-cohomology group of {E,dE,d,h). As recalled in Lemma [5.11 they are isomorphic to the 
hypercohomology groups of the complex C* {V*E (^fl' ,0), where {V*E, 9) is the associated good filtered Higgs 
bundle. In particular, they are finite dimensional, and isomorphic to the space of L^-harmonic i-forms of 
{E,dE,9,h). We have Hl2{E,dE,0,h) ^ Hl^iE^ds^O^h) = unless {E,dE,0,h) is Otv with the trivial 
metric and the trivial Higgs field. 

For any (z, w), let £2,10 denote the harmonic bundle of rank one given by (C, d + zdC,) with trivial metric and 
the Higgs field wdC,. Let {E,dE,z,dw,h) denote {E,dE,d,h) ® Cz.w Let Nahm(i?, 9e, 6*, /i)(2,^) be the space 
of L^-harmonic 1-forms of {E, dE.ziOw, h). It is independent of the choice of the Poincare like metric gT^\D- It 
is finite dimensional, and naturally isomorphic to Nahm(7^*i?, It is naturally equipped with the metric 

hi induced by h. 

Let AP''i{E) denote the space of L^-ggctions oi E ® ^^r^\jj. Let 9^ ^ : — s- A^'^-^ denote the adjoint 
oidE.z ■■ AP'i — > AP'i+\ Let el : AP'I — > AP'^'I denote the adjoint of 6^ : AP'I — > Ap+^'I. We have 
dE,z ■■= -V^[A, Oe - zdC] and 6*^ = -^/^[A, 9l] = -V^[A, 6^ +wdC\. 

We set 5-+ := A°>°{E) ® A^'\E) and 5" := A\E) = A°'\E) ® A^'°{E). LetV,^,, ■.^dE^z + eu, + d*E^, + ei 
be the closed operator 5*+ — > , and let 2?* ,^ := dE,z + 0w + Oe^z + denote its adjoint — > 5*+. We 
have Ker2)* ,„ = Nahm(£', 9^, 0, ,^). (See [35].) By the vanishing Hl2{E,dE,z,0w,h) {i = 0,2), we obtain 
that T>* is surjective. Hence, the family IJ^^ Nahm(£', Oe, 0, h)(^z,w} gives a C°°-vector bundle on T x C. (See 



53 



[IB].) It is equipped with an induced C°°-metric hi and an induced unitary connection Vi. Because the C°°- 
bundle is also constructed as a family of the cohomology of the complexes [A* (E), dE,z + dw d() , it is equipped 
with a naturally induced holomorphic structure, which is equal to the (0, l)-part of Vi. By the construction, 
the holomorphic bundle is naturally isomorphic to Nahm(7^*i?, ^^)|7-xC■ (See t j6.2.2l for more details on this 
isomorphism.) We shall give the proof of the following theorem in H6. 1.41 after preliminaries. 

Theorem 6.1 {Nahm{E,dE,0,h),hi,Wi) is an L -instanton. 

We give a remark on the proof. It is rather easy and standard to prove that (Nahm(i?, Oe, 0, h), hi, Vi) is 
an instanton by using the twistor property of the instanton and harmonic bundles. But, we do not give it in the 
following. Instead, we follow the argument to use a description of the curvature -F(Vi) in terms of the Green 
operator, which is also standard. Because we need an estimate for the decay of F(Vi), we need the description, 
anyway. 



6.1.2 Preliminary 

Let X be a torus C^/L. Let D C X he a. finite set. Let gA = AdQdQ be a Kahler metric oi X\D for some 
positive valued function A, which is Poincare like around D. Let {E,dE,0,h) be a wild harmonic bundle on 
X\D. We set V :— Oe + 0. Let (resp VI) denote the formal adjoint of V with respect to h and gA (resp. 
dCdC). We set = V*^V and Ai = V^V. We have A^ = A'^Ai. 

Lemma 6.2 Let ip be a section of E on X \ D such that 

\ip\lA\dCdC\ + [ \AMl\dCdC\<oo. 



Then, we have the following finiteness: 



j w\l\dcdc\ + j \AAv\iA\d(:d(:\ < oo (67) 

h{^,Aiip)\dCd(\ = f h{ip,AA^)A\dCdC\ = f \V^\l < oo (68) 



Proof The finiteness (|67l) is clear. In ((68)) . the first equality is trivial. The second equality and finiteness can 
be shown by an argument in the proof of Lemma 14.141 I 

We set := Be + 6^ ■ Let {T>'^)*a (resp. {T>'^)\) denote the formal adjoint of T) with respect to gA (resp. 
dCdC,). We have Ai ^ (I?t)*pt and A^ = [V^YaV^ . 

Lemma 6.3 Let be as in Lemma \6.2l Then, we have 

/i((^, Aivj)|dCrfCl = / h{ip,AAip)A\dCdC\ = / PVI' < oo. (69) 



Proof The first equality is trivial. For the second, we have only to apply Lemma 16.21 to a harmonic bundle 
{E,dE,e\h) onX\D. " I 



6.1.3 Estimate 

Let X be a torus ^c,/L with a non-empty finite subset D. We use the Euclidean metric dC,dC, of X. Let 
dvoljf = IdCc'Cl denote the associated volume form. Let {E,dE,d,h) be a wild harmonic bundle on {X,D). 
Assume that the harmonic bundle has a singularity at each point of D. 

Let V/i — Oe + dE be the Chern connection. Let Hw be the space of the sections oi E on X \ D such that 

/ |<^|^dvolx+ / [\W h(p\l + \{d + w dOip\l^ <oo. 
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Proposition 6.4 There exist positive constants R > 0, C > and p > such that, if \w\ > R, the following 
holds for any ip G "Hu, .• 

(See also a refined estimate in Provosition \6.8\ below. ) 

Proof We use an argument in §2.4 of [50] with an adjustment to our situation. We use the standard distance 
on X. We take smaU neighbourhoods Bp oi P G D. There exists i?i > and Ci > such that, if {w] > Ri, 

then we have 1(6* + wdC)<i5|^ > Ci |wp \ipW dvol^ on X\ Upen ^p- We have only to show the estimate on each 
Bp. We may assume P = 0, and Bp is an e-ball i?e — {\C\ < e}. 

We have a ramified covering : {B'^,0) — !• {B^, 0) given by tpiu) = such that tp*{E, dE,0,h) is unramified, 
i.e., we have the decomposition 

aeu-iC[jj-i] 

where the Higgs field 9^ ~ da idg^ are tame. Let £ :— max|deg„-i a \ Ea 7^ O}. 

Lemma 6.5 There exists R' > 0, C[ > (i = 1,2) such that \d\h > C[\w\ \dC\ on B, \ {|C| < C^|w|-p/(^+p)}. 

Proof We have only to estimate each 9a on B'^. Let us consider the case a 7^ 0. We set n :— deg„-i a. For 
each w, we have the solutions bi{w) (i = 0, . . . , n + p — 1) of the following equation: 

9„o(u) + pwu^^^ — 

We have the equality u^p+^9„o(u) +pw = ^ Hil^'^^ ("^^ ^ bi{w)^^) for some a e C \ {0}. We have 

9a = dua id-Ea du + ga du, 

where \ga\h < Ci|u|^^. We have i?2 > and C2 > such that the following holds if \w\ > R2: 

C^' < Mw)\ < C2 

We take C3 » C2. We set Wi {\u\ < CsIwI^^^^'^+p^} . 

On B'^ \ Wi, we have \ga\h < iCi/C3)\w\^/^''+P\ We also have 

\u-^ - b,{w)-^\ > \b,{w)-^\ - > - C3-i)|w|i/("+f) 

for any i, and hence u^P^^dua + pw > \a\{C2^ — C^^y^^P\w\. Hence, if C3 is sufhciently larger than C2, there 
exist i?4 > and C4 > such that the following holds if \w\ > R4: 

\{dua + pwuP-^)idE, +ga|^ > C4\w\\u\p-^ 

Hence, we obtain the desired inequality for the integral over B'^ \ Wi in the case a 7^ 0. 

Let us consider the case a = 0. We have the expression 6*0 = go du, and \go\h < Cio|u|~^ for some Cio > 0. 
We take Cu > do, and we consider W := < Cii\w\-^/p}. OnS^\W, we have \wuP-^\ > Cf^'VP^^- We 
also have \go\h < (Cio/Cii)||w|^/^. Hence, if Cu is sufficiently larger than Cio, we have the following for some 
C12 > 0: 

\pwuP^'^ idEo+go\,^ > Ci2\wuP~^\ 
Hence, we obtain the desired inequality in the case a = 0. Thus, the proof of Lemma [^751 is finished. I 
Let (p be an L^-section of E on B^ with respect to dvolx, such that 



Be 



{\'^h(p\l + \{9 + wdC)ip\l^ dvolx < 
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We set Wi := {|C| < 2C^|w|-p/(^+p)} and W2 := {|CI < C'^IwI-p^^^+p^. We have the following type of Poincare 
inequality, i.e., there exist C" > and R" > such that the following holds if \w\ > R" (see [7], and (2.12) of 

my- 

l^|2p/(^+rt j \^\i\dc<K\ <c"( f \d\^\,\' + / \^{f, \dCdC\] 

JWi \JWi JWi\W2 ) 

There exists C" such that the right hand side is dominated by 

C'" 



if Iv.H^ 




' + wdO^\l\ 


\JWi 


JWl\W2 





Thus, the proof of Proposition [63] is finished. I 

Let T) := Oe + 0. Let denote the adjoint with respect to the Euclidean metric d( d(. Let Ai :— Vl o V. 
Let gx\D be a Kahler metric of X \ 13 which is Poincare like around D. Let dvolx\D be the volume form 
associated to gx\D- 

Corollary 6.6 There exist p > and C > such that the following holds: 
• Let If be a section of E such that 

j \^\ldvo\x\D + j |Ai(^|^dvoljf < C50. (70) 

Then, we have the following inequality: 

r 1/2 r 1/2 

C\w\p(^j \^\ldYo\x) <[j \AMldyolx) (71) 

(See Corollaru \6.10\ for a refinement.) 

Proof Let = Be + 6^. From Lemma lOl and Lemma [Ol we obtain / \Vip\l < 00 and / [I^Vl^ < oo- 
By using the same lemmas and Proposition l6.41 we obtain 

C\w\P J \^\ldYo\x < J \V^\l + J PVI' =2 J /i((p,Ai^) dvolx. 

Then, the claim of the corollary follows. I 

6.1.4 Proof of Theorem [6TT] 

Let LUx'^\D be the Kahler form associated to the metric gT'^\D- The multiplication of ujt'^xd induces an 
isomorphism A°'"{E) ~ ^^'^(i?). It gives an identification S+ ~ A°'"{E) (g) {{1,lutv\d)) , where ((1, ljtv^^,)) 
denotes the 2-dimensional vector space generated by 1 and wyv\^£). By a general theory of harmonic bundles, 
the Laplacian V^^V^w on is identified with A^^u ® id on A^'^{E) ® {{1,ujtv\d)) , where A^^ :— (9^^^ + 0^) o 
{dE,z + Ow) on A^''^[E). (See |47]. In this case, it can be easily checked directly.) The Green operator Gzw for 
V*^T>zw is identified with Q^w ® id, where Qzw is the Green operator of A^^, on A^''^{E). 

For a differential form r on T^, let /^(r) be an endomorphism of @ AP''^{E) given by fi{T){ip) = t Aip. Let 
drxc denote the trivial connection of the product vector bundle x (T x C) over T x C. We have the following 
relation for the operators on the space of the sections T x C — > x (T x C): 

[dxxc, d + zd(] ^dzfi{d(), [drxc, & + w d'C\ ^dwfj.{dC), 

[dTxC,{d + zdC)*] -cfz(y^Ao^(dC)), [drxc, {O + wdC)*] = dw{-V^Ati{dO) 
We set n dz fi{dC) + dw p{dC) + dz{y/^A ^i{dC)) + dw{-y/^A p.{dC)) . 
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Let -F'(Vi) be the curvature of the transformed bundle Nahni(i!J, Be, 9, h) with the metric and the unitary 
connection. Let Pzw denote the orthogonal projection of S~ onto N&\mv{E,dE:9,h)(^z,w)- Let ipt be sections of 
Nahm(i?, 9b, 0, /i). Let (•,•) denote the hermitian pairing on AP''i[E) induced by h and wtv\d. We have the 
following standard computation; 

('0i,F(Vi)7/'2) = {il-'i,Pzw °doP^^d^2) = {■4'i,doP^.^ o dip2) = {ipi,do {P^^ - 1) o dtp2) 

= -{dipi, {Pzw - 1) o dV2) = {di^i,T^zw o G^u, o T^*zwdip2) = {l^lwdipi, G^,y,'Dl^d'ip2) 

= G,^[d,I?:„]V'2) = (^^V-i, G,„17V'2) (72) 

We have the expression -0^ = 'ipiid(^ + '0i2dC- We have 

flipi = %l)iidC,d(^ + iJi2d(dC + dWi)iiA{dCdQ + dzij) 12 h.{dC,dC,). 
Let A be determined by gT'-'\D = Add^dd^. We have the following: 

Gzwni^2 - dzg,y,iA-^^j2i)AdCdC + dwgzyjiA-^^22)AdCdC + dwg,^{i:2iHdCdC)) +rfza^^(V'22A(dCdC))- 
We have the following: 

(ViirfCrfC, ^e.»(^-V2i)rfCrfC) 
(Vi2dCrfC, ^ez»(^"V22)rfCrfC) 

From these equalities, we obtain {dzdz + dwdw) A {ipi, F{W 1)11^2) — 0, which means that Nahm{E, dE,d,h) 
with the induced metric hi and connection Vi is an instanton. 

Let us show that it is an L^-instanton. Let {dE,z + (}w)i denote the formal adjoint of dE,z + ()w with respect to 
ha.ndd(dC. We set A^^.^i := {dE,z + dw)*i{dE,z+Ow)- Because A^^.^i = AA^^, we have A^^^i (tJ^^,(v4"V2i)) = 
tp2i- We have 

J\gzw{A~^1p2l)\1>ivolT^\D + y"|V'2l|^dvolTv < OO 

By Corollary we have the following for some p > and C > 0: 

Clwf f \gzUA-'i^2i)\ldvo\T- < f l^siTdvolTV 

Hence, we obtain 

KViirfCdC, Ag,^{A-^4,2i)dldC)\ = |(7^nA(dCdC), ^.^(^-21 A(dCdC)))| 

<C\w\-p(^j\i:i,d(:\^)j (/k2idC|j) (75) 

We have a similar estimate for \{4'i2dC,dC,, gzw{;>l'22)dC,dC,)\ = \(^pi2h.{dC,dC,) ^ ^zii;('022 A(d^dC)))|- From those 
estimates, we obtain |i^(Vi)| = 0{\w\~p) for some p > 0. Because Nahm(£^, 9_b, ^, /i)|txC — Nahm(7'*_E, 0), we 
can apply Theorem 13.201 and hence we obtain that F(Vi) is L? . Thus, the proof of Theorem 16. II is finished. I 

Remark 6.7 We can prove that the curvature is directly by using CoroUarv \6.10\ below. I 



{^PiiA{dCdO, 5^^(021 AidCdO)) = 4y (011, gzUA-'M) dvolrv (73) 

(012A(dCdC), 5z^{^22HdCdO)) - 4 /"(^12, gzn,{A-'^22)) dvolyv (74) 
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6.1.5 Refined estimates (Appendix) 

We refine the estimates in ! j6.1.31 i.e., we show that p can be replaced with 1 + p. 

Proposition 6.8 There exist positive constants R > 0, C > and p > such that, if \w\ > R, the following 
holds for any Lp G "Hw '■ 

j (\yHv\l + \{e + wdOv\])>c\w\^+p j \v\ld^o\x 

Proof We again use the argument in §2.4 of [5D] with an adjustment to our situation. We use the standard 
distance on X. We take small neighbourhoods Bp oi P E D. There exists i?i > and Ci > such that, 
if |w| > then we have \ {9 + 'wd()ip\f^ > Ci \w\^ \(pW dvolx on X \ IJpeD ^p- We have only to show the 
estimate on each Bp. We may assume P = 0, and Bp is an e-ball i?^ — {|C| < e}. 

We have a ramified covering -0 : (_B^, 0) — > {Be,0) given by ip{u) = such that ip* {E, ds, 0, h) is unramified, 
i.e., we have the decomposition 

r{E,dE.e)= (£;„,9b„,^?„), (76) 

aeu-iC[ji-i] 

where the Higgs field 0„ — da id^;^ are tame. Let h' = 0ft-|£;„, and let Vh' denote the unitary connection 
associated to tp*{E,dE) with h'. By the asymptotic orthogonality of the decomposition ([76l) with respect to h 
(see [5Sj), we have the following inequality: 

^ {\Vhip\l + \i9 + w dOipQ > C2 {\^h'v\l + \{e + w dOv\l) 

I 1 2 / I 1 2 

I I ^V* dvolx <C3 \(p\j^,ij* dvolx 

IB'^(P) Jb'JP) 

Hence, we need only the estimate with respect to the metric h' . 

Let us begin with the estimate for sections of Ea with a 7^ 0. We set n :— deg,j-i o. 
Lemma 6.9 There exist constants i?' > and C" > such the following holds if \w\ > R! : 

• Let Lp be an L^-section of E^ on B'^ with respect to ip* dvolx, such that 

/ + K^o + ^^C) dvolx < 00. 

Then, we have 

\w\' f r dvolx < C f (iWh'fll + liea+wdO^ll^r dvolx. 

Here, e = 1 + p/(n + p) > 1. 
Proof For each w, we have the solutions bi{w) {i — 0, . . . ,n + p — 1) oi the following equation: 

dua{u) + pwu^^^ = 

We have the equality u~p+^9„o(u) + pw = a n"=!o'^^ ("^^ ^ hiw)^^) for some a E C \ {0}. We have 

6*0 = duCi idsa + 9a du, 
where \ga\h' < C'i|w|~^- We have i?2 > and C2 > such that the following holds if |w| > R2: 

< Mw)\\w\'/^''+P^ <C2 
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We take C3 » C2. We set Ui ~ {\u\ < Cg" Vl"^^^""^^^} and U2 := {\u\ < C3\w\-'^/^"+p'>} . 
Let us consider the estimate on B'^ \ U2- We have \ga\h' < {Ci/C'i)\w\^/''^^'P\ We also have 



for any i, and hence 



u~P+^dua + pw > |a|(C2"^ — C^^Y^'^Plw]. Hence, if C3 is sufhciently larger than C2, we 
have the following for some C4 > 0: 

\{dua + pwuP-^)ip + g^{ip)\^^, > C4\w\ \(p\h'\u\P^'^ 

Hence, we obtain the inequality for the integral over B[\U2- 

Let us consider the estimate on Ui. There exist C5 > and i?5 > such that 

\{dua + pwuP-^)ipdu\^^, > C5|u|""~VU' \M- 

We also have |(7aV"^"|/j/ 1^ \v\h' \du\. Hence, there exists Ce > such that 

h' 

Therefore, we have the desired inequahty for the mtegral over lAi. 

Let us consider the estimate onZ^2 Wi- For each z 0, . . . , n+p— 1, we set Vi {\u—hi{w)\ < 6i|ii;|^^/^^+^^ } 
for some ei > 0. Let u G Z^2 \ (^i U |J- Vi). We have 



n+p— 1 



n+p— 1 



\u-P+^dua + pw\^\pw\\u\-P-" Y[ \u-hiw)\>pC3^^\w\^ J| \u - b,{w)\ > pC3:hP+"'\w\ 
We also have the following: 

Hence, there exists C7 > and i?7 > such that the following holds on \ (^i U IJ,- Vi), if > i?7: 

I (9„a + pwuP^^)tp du + gaf du\^, > C7\w\ \ip\h' \u\P^^\du\ 

We set a {n + 2)/2{n + p). We put := {|u-6j(w)| < ei|w|~''} and V, := < ei|u;|-''/2}. On 

Vi \ V[, we have 



n+p~ 1 



— l/(n+p)^n+p— 1 



X (6i|u;|-72) 



i=0 



>pC3-^e?+"|u;|i+i/("+P)-'^ (77) 



We also have \ga\ < CiC3\w\^^'-'^+p\ Because -{p - !)/(« + p) + 1 + l/(n + p) - a > l/{n + p), there exist 
Cg > and i?8 > such that the following holds on \ if |w| > i?8: 

{9^+pwuP-^du)ip > C8|w|i+i/("+'')-"|w|P-i \du\ \ip\h' = C8|w|("+2p)/2("+P)|u|P-i \du\ \ip\h' 

h' 

We have the following type of Poincare inequality, i.e., there exist Cg > and Rg > such that the following 
holds on V,, if > Rg (see [7] and (2.12) of [50]): 



\w 



(«+2)/(n+p) 



\ip\i,\dudu\<Cg / |d|^U' 



(n+2)/(n+p) 



Vi\V,' 



\ip\l, \dudu\ 
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We also have the fohowing inequalities: 

|^|(n+2p)/(„+p) /■ |^|2,|u|2(p-l)|rf^^|<c2(p-l)|^|(„+2)/(„+p) /■ |^|2, (73) 
JVi JVi 

|^|(n+2)/(„+p) I |<p|2, <c2(P-l)|y,|(n+2p)/(n+p) j |(^|2, |y |2(p-l) ^| 

<CsC^''^'^^ [ \{9^+pwuP-^du)ip\l, (79) 
"'vAv,' 

Then, we obtain the desired inequality for the integral over Vi- Thus, the proof of Lemma 16.91 is finished. I 

Let us consider the case a = 0. Because this part is essentially contained in [50] . we give just an indication. 
We take a positive number Cio which is sufficiently larger than |a| for any eigenvalues a of the residue of ^o- 
We may assume \go\ < (Cio/10)|C|~^ on B^. Take i?io > sufficiently larger than Ciq. For \w\ > i?io, let 
U ■= {1(1 < Cio\w\-'^} andW := {|C| < Cio\w\-^/2}. On B^\U', we have 

\{0o + wdC)cp\^, > \w\ \ip\h' \dC\ - \go\h' \^\h' MCI > \v\h'\dC\ (80) 
There exist Cn > and Ru > such that the following holds on U, if |w| > Ru: 

\w\^ [ \ip\l\dCdC\<Cn [ \d\ipW,\' + \wf [ \^\l,\d(:dC\< [ (Cnl^h'^ll+meo + wdO^ll) (81) 
Ju Ju Ju\u' Ju ^ ' 

We obtain the desired inequality for sections of from (|M| and (I5T|) . Thus, the proof of Proposition 16.81 is 
finished. I 



The following is a refinement of Corollary [ 
Corollary 6.10 There exist p > and C > such that the following holds: 
• Let ip be a section of E such that 

j \^\ldyo\x\D + j |Ai</j|2 dvolx < oo. (82) 

Then, we have the following inequality: 

C\w\'+P[j l^l^dvolx)'^' < (1 |Ai<^|2dvolx)'^' (83) 

Proof It is shown by the argument for Corollarv l6.61 by using Proposition l6.8[ instead of Proposition WM I 

6.2 Comparison with the algebraic Nahm transform 
6.2.1 Statements 

Let {E, dE,0,h) be a wild harmonic bundle on (T^, D). Let P^,E be the associated filtered bundle on (T^, D). 
Let {El, /ii, Vi) be the L^-instanton on T x C obtained as the Nahm transform of {E, dE,0,h) (see Let 
■P,i?i be the associated filtered bundle on (T x P\T x {oo}). 

Theorem 6.11 There is a natural isomorphism of the filtered bundles V^Ei ~ Nahm.^ {V^E, 0) . 

Conversely, let {Ei,V i,hi) be an i^-instanton on T x C. Let V^,Ei be the associated filtered bundle on 
(T X P^, T X {oo}). Let {E, Be, 0, h) be the wild harmonic bundle on [T^^ ,D) obtained as the Nahm transform 
of (i?i, Vi,/ii) (see S3). Let {V*E,0) be the associated filtered Higgs bundle. 



60 



Theorem 6.12 There is a natural isomorphism of the filtered Higgs bundles (V*E,9) ~ Nahm* (P* i?i ) . 

We obtain the following involutivity of the Nahm transform in the following sense. 
Corollary 6.13 For an L^-instanton (i?i,Vi,ft.i) onT x<C, we have an isomorphism 

Nahm(Nahni(i;i, Vi,/ii)) ~ (E^i, Vi, /ii). 
For a wild harmonic bundle {E,dE,d,h) on T^, we have an isomorphism 

Nahm(Nahni(£;,9ij,6',/i)) ~ {E,dE,9,h). 

Proof It follows from Proposition I5.21[ Theorem I6.11[ Theorem I6.12[ and the uniqueness of the harmonic 
metric or Hermitian-Einstein metric adapted to the parabolic structure. (See Proposition |43] for the uniqueness 
of Hermitian-Einstein metric. See [7] for the uniqueness of the harmonic metric. See also |38j.) I 

6.2.2 Proof of Theorem \6AT\ 

Let us construct an isomorphism {Ei,dEi) — Nahm(7'*i?, (?)|7-xC- We recall the monad construction of Ei = 
Nahm(i5, Oe, 6, h) [T3j. We use the notation in H6.1.1I Let gT--^\D be a Poincare like Kahler metric of \ D. 
Let A^{E, Oe, d, h) denote the space of sections of i? fJ' on \ £) such that v? and [Be + d)(p are with 
respect to h and gT'^\D- Note that the conditions also imply [Oe.z + Sw)ip are Li^ for any (z, w) G T x C. Let 
^ denote the sheaf of holomorphic sections of the product bundle A^{E,dE,S,h) x (T x C) over T x C. We 
have the morphisms (5* : A'' — > induced by Oe.z + ^w, and the sheaf of holomorphic sections of Ei is 

isomorphic to Ker(5^/Im5*'. 

Applying the construction in the proof of Lemma FS . II around each point of D, we extend E and E to 
Cl2{V*E,0) and Cl2{V*E,e). Let CftiV^E.e) denote the Dolbeauh resolution oi Ci2{V*E,0). 

For / C {1, 2, 3}, let pi denote the projection of x T x C onto the product of the i-th components {i ^ I). 
On X T X C, we set 

Ch Pi^C''J{V.E,e)®^-.„^^ pl^Voin 

k+e=i 

We have : C]^2 — > Cj^^ induced by dE,z + We have a natural inclusion $ : P23*C*2 — > A^ of complexes 
on T X C. According to the results in §5.1 of [38], $ is a quasi-isomorphism. We also have the following natural 
isomorphisms in D''{Otxc)- 

P23*Cl2 ^ Rp23*{pl{Cl2iV,E,e)) ® pl^Vmn^ ?^ Rp23,(p\{C' {V,E,e)) ® pl^Voin^ ~ Nahm(7'*S, (?)|TxC 

(See Lemma [5. II for .) Thus, we obtain the desired isomorphism Ei ~ Nahm(7'*i?, 0)|'rxCi by which we shall 
identity them. 

Lemma 6.14 To prove r/teorem l6.11l we have only to show Nahma(7'*i?, 0) C VaEi for any a. 

Proof By Proposition 15. 15) we have deg(Nahm*(7'*i?, 6')) — deg{V*E^9) = 0. By Corollary [431 we also have 
deg('P*£:i) = 0. Hence, Nahma('P*£;, 9) C VaEi implies Nahma('P*£;, 9) = VaEi. I 

To show Nahnia(7'*£', 6*) C VaEi, we need an estimate of the upper bound of the norms of sections of 
Nahma(7-'*i?, 0). We use an argument of scaling in [50j. Because we need only the upper bound, we will not 
consider more precise estimates for harmonic representatives or their approximation. 

Let Ur C be a neighbourhood of oo with the coordinate r = . If Ut is sufficiently small, we have 
the decomposition Nahm*(7'*£', 9) — ®pg£, Nahni*(7'*i?, 9)p by the spectrum on T x Ur- We have the refined 
decomposition 

Nahm*(-P*£;,6')p = Nahm*(-p*i;, 6l)p,o,a, 

oeIrr(e,P) qSC 
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according to the decomposition of the filtered Higgs bundle {V*E,9) = ®(,f=irr(e.p)®aeci'^*-^P,o,a,dp,o,a) 
around each P ^ D. We have only to show that Nahmai'P^.E, 9)p^o,a C VaEi. We shall argue the case P = {0} 
in the following. The other case can be established similarly. We omit the subscript P. We take a small 
neighbourhood C T"^ of {0}. 

Let us consider the case (o, a) ^ (0, 0). Take o S o. For each c e M, we have the frame of Nahmc(7'*i?, 9) p,o,a 
in Lemma [5.241 We have only to show 



(84) 



Here, h is the parabolic degree of Vo, 



We give a preliminary. We have the expression Co^^oO + PgOi = Y^=o^jCo'' =■ G((o). We fix a complex 

0. Take a covering Urj — >■ Ut given by rj i — >• jf"^"^'. If Ur is 



PoT 



lim (7;)/ry = 7 exp(27r\/^i/ (rrio +Po)) 

^— >-oo 



number 7 such that 

sufficiently small, we can take holomorphic functions Uo''(C) (i = 1, . . . ,Po+m„) satisfying the following: 

G{uf{'n))+Pou'i\riY'ri-P<'-"'<' = 0, 1™ 

There exist Ci > and ei > such that 

r^uf (77) - 7 exp(2^V^i/(™o +Po))\<Ci hi'i . 

Lemma 6.15 Let denote the support 0/ Cok(7;P»+™°C'"°^a,a +PoCo°^™°'^Co/Co) on U^^^,,. IJUq and Ur 
are sufficiently small, there exists a decomposition Z,, — Uf^j*^™" zl^^ such that the following holds for any 
u £ Z;, 



(0. 



Here C and e are positive constants which are independent of rj. 



Proof Take ui € Z^. There exists a possibly multi- valued holomorphic 1-form J'(Co) c^Co/Co obtained as the 
eigenvalue of 9°, such that v{ui) + = 0. Because v{C,o) ~ G(Co) = '^(Co)' there exist C2 > and 

€2 > 0, independently from ry, such that the following holds for some unique i: 



■q -^Mi - 7exp(27r\/^i/(po + mo)) <C2|??p. 



(85) 



We obtain the decomposition of Zr^ by (f85|) . 

Let ui e Z^\ We set Qq{x,y) :— J2i+j=q ^''y^ ■ We have 

u^\v)/vy'-iui/v)-')x 

mo 

5]a,r?""-^Q,_i((4^V^)'\K/^)"') - (4'V^)("iA/)PcQp„-i(4'V^,«iA/) 
We obtain \ {ul}\v)/v)~^ - ("iA?)"^| = 0(|77|'""+<=). Then, we obtain the desired estimate. 



imo+e 



(86) 



I 



Let p be an R>o-valucd function on C,, such that p{ri) = 1 for \ri\ < 1/2 and p{ri) = for \ri\ > 1. We set 
Mo Mq^"*. We consider the following C°°-sections of q, fi^c ° ■ 
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By Lemma [6. 151 if |^| is sufficiently large, p^|^|^^™''^^(Co ~'"o(0)) constantly 1 around Z^. Hence, the tuple 

fJ-ivo,i,C) = (Mi('^o,j,0:M2(wo,i,C)) gives a representative of [v„^idCo/Co]- 

By an elementary change of variables, we obtain the following for any S > 0: 



Note that we have |Cc, - wo(OI ~ for Co such that 5p(|C|^+™°/^(Co - MO)) 7^ 0. Hence, we also 

have the following: 

Mvo.,,o\l<c,s /|ap(ier+"«/2(c„-uo(0))riCor'^''+'^ 



< (^g_j|^|2(6+<5)-2(m„+l)+2(l+m„/2) ^ (-.^^ |^|2(h+5)-m„ j^gy^ 

By the construction of hi, we have | [wo,irfCo/Co] ^ / (|mi (''^o.j, 1^ + |M2(f o,i, Ol^) ■ Hence, we obtain the 
desired estimate ((5^ for ["WciciCo/Co]- We obtain the estimate for [wo,iC"''^Co/Co] similarly. 
Let us consider the case (o,a) — ({0},0). The following lemma is easy to see. 

Lemma 6.16 Let Z^ denote the support of Cok(0o,o + wd() . There exist C > and e > such that \u\ < 
C\w\~'^~'^ holds for any u S Zyj. I 

For a holomorphic section s of C^(P*i?p_{o},o ® (see H5.1.2p . we consider the following C°°-sections of 

^R{0},0 ® ^ '■ 

lii{s,w) :^ {p{C) - p{wC)) sdC/C, Ms^w) :^ {0p^io},o + wdC) ^(9^i(s)) 

fj,[{s,w) -.^ p{C)sdC/C, M2('S,w) := (6'p,{o},o + wdC) \^/ii(s)) 

By Lemma 16.161 /i2 and fi'2 are well defined. The tuples fi{s,w) — (/ii(s, w), /i2(s, w)) and fi'{s,w) — 
{pi{s, w), 1^2(8, w)) naturally induce the same holomorphic section of Nahm(7'*i?)p. If s is a section of 'PcE{o}fi, 
then it is elementary to show the following for any S > 0: 

ti.is,w)\l<Cs\w\'^^+'^ 

We obtain |/x'(s, w)]^ < C|w|'^+'' for any S > 0. By the construction of Nahm* (7'*i?)p .j-o},oi we obtain 
Nahm*(7'*£;)p,{o},o C V^Ei. Thus, the proof of Theorem [6TT] is finished. I 

6.2.3 Proof of Theorem [02] 

Let us construct an isomorphism of the Higgs bundles {E, ds, 0) ~ Nahm('P*£'i)|rv\£). Let us recall the monad 
construction of Nahm(Si, Vi). Let denote the space of sections ip Ei ^ fJ°'* on T x C, such that (p and 
Oei^ are L^ with respect to hi and the Euclidean metric. Let A^'^ denote the sheaf of holomorphic sections 
of the product bundle A"^' x (T^ \ D) over \ D. We have the morphism 5' : A°'' — > induced by 

— C dz^ and the sheaf of holomorphic sections of {E, Oe) is isomorphic to Ker / Im i5°. 
Let A^'^ denote the space of C°°-sections of Ei (g) Similarly, we obtain a complex (A^ '^S) on \ D. 
The natural inclusion A'^'* — > A'^-* is a quasi-isomorphism by Proposition 14.81 For I C {1, 2, 3}, let pi denote 
the projection of x T x C onto the product of the i-th components. We have a natural quasi-isomorphism 
AJ''' — > Rpii,{p*2'^VaEi (g)p22^om^^) . Hence, we obtain a holomorphic isomorphism E ~ Nahm(7'*i?i)|yv^P), 
by which we identify them. The Higgs fields are equal, because they are induced by the multiplication of — w. 

We give a preliminary. Let U C be a small neighbourhood of 00. On T x U, we have the following 
decomposition 

V.Ei^ 0^*(^^l)p,c,a. 
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Fix a lift of Sp^{Ei) C to Sp^{Ei) C C. We have the filtered bundles with an endomorphism {V*V,g) on 
U, corresponding to V*Ei. It has a decomposition {V*V,g) — 0(7^* Vp,o,a, 5P,o,a)- 
Let U C V-i{Ei) be the subsheaf such that U\txC — 'P-iiEi)\Txc £^nd 

^ = 0(^-i(^i)^^-{n}^o® ^<-i(^i)p.c.c.) (89) 

P (o,a)5^({0},0) 

around T x {oo}. We use the notation in ! j5.3.2l 
Lemma 6.17 We have N{U) C VqE. 

Proof We give an argument around € T^, by supposing Q € D. The other case can be proved similarly. We 
may suppose the lift of € 13 is G C. Let f be a holomorphic section of N{U) around € T^. We have to 
show \t\h = 0(|C|^'') for any 5 > Q. It is represented by a family of C°°-sections k{C,) — K^{C,)dz + K'^{()dw of 
V-iEi ® ^^I^'^pi ® ■ According to the decomposition (IMl) . we have 

P,o,a 

If P 7^ 0, we may assume k*(C)p,o,q = on U. (See the proof of Proposition |4?7l) Let dvol :— Idzdzdwdwl. 

We take a C°°-metric /i2 ofU. Note hi < h2\w\-'^+^ for any 5 > on 'P-i{Ei)p^[o},o. and hi < /i2|w|"^"' 
for some e > on 7'-i(-Ei)p,o,q for (o,a) ^ ({0},0). If P = and (o,a) ^ ({0},0), we have the following 
flniteness uniformly for C,: 

/ |K'(C)o,c-,a|! dvol < Ci / \K'{C)0,0.a\l\w\-^-'dvol<OO 

Jtxu Jtxu 

We have |(7o,{o},o|/ii ^ Ci|w|^^ for some Ci. We take a sufficiently small C2 > 0, and we put Hq := 
{w I |w|^^ < C2ICI }• We can find a unique family of C°°-sections of V-iE ® f^SJ^xpi ™ such that 

(Be + C,dz)^i{C) = (K^(C)o,{o},od^+ '«^(C)o,{o},orfi«), ■ 
There exists C3 > such that the following holds: 

/ |At(C)lL \dzdz\ < CalCr' / l«'(C)o,{o},olL \dzdz\ 

JTx{w} JTx{w} 

Let x(w) be a R>o-valued C°°-function such that x{w) = 1 if I^T^ < C2/4 and x(«^) = if \w\-'^ > C2/2. We 
set 

^^'(0 = A^'(C)o.{o},o - MxiOf^iO) = (1 - X«))'*'(C)o,{o}.o 

^'(C) = ^^'(C)o,{o},o - ^(X«)/^(C)) = (1 - X«))«'(C)o,{o},o " (as7X)«) • C • m(C) 
For any 5 > 0, we have the following finiteness, which is uniform for C: 

/ {\MO\l + \MC)\l) \dzdz\ < Ci.s 

Jtxu pi 
Hence, we have the following for any S > 0: 

I (l^i(C)lL + \MO\t)\dzdzdwdMj\ < C2,s I (|^?'(C)IL + \Te{0\l.)\dzdz\ ^^ICI"'' < C^M'^' 

JTxU JTxU 1^1 

Hence, we obtain |i(C)|/i < C4(,|C|^'' for any S > 0. Thus, the proof of Lemma [6. 171 is finished. I 
Let us prove Nahm*(P*£^i) = P*P. We have the following, which is similar to Lemma [6. 141 
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Lemma 6.18 We have only to show Nahmai'P^.Ei) C VaE for any a. I 
Around each P e D, we have the decomposition 

Nahm*(7'*-Ei) = Nahm,CP*£:i)p_<,_„, (90) 

,a 

according to the decomposition (1551) . We have only to prove Nahma(7'*£'i)p,c,,a C Va[E). We shall argue the 
case P = in the following. The other case can be proved similarly. We shall omit the subscript P. We take a 
small neighbourhood [/^ of P. 

Let us consider the case (o,a) 7^ (0,0). Let Ut C be a small neighbourhood of 00 with the coordinate 
T = Take a € 0. For each c G M, we have the frame of Lemma [5.251 We have only to show 

\[TivoA\h = o(|c|('-^+^°-"°/''(p°-"°)"). (91) 

Here, h is the parabolic degree of Uo,i. 

We give a preliminary. We take a ramified covering Uu — > given hy — u^'^"^' . We put G(to) := 
5u,a(To) — apoTo" = ^^Jq PjTo'^'' ■ We take a complex number 7 such that /3m„7^°~'"° —1 = 0. If C/^ is 
sufficiently small, we can take holomorphic functions r]g\u) (i — 1,. . . ,po — ma) on U( satisfying 

G{vo\u)) - uP"-""' = 0, lim u-^ri^'\u) = 7 exp(27r\/^i/(Po - mo)) 



There exist Ci > and ei > such that 
lemma is similar to Lemma 16.151 



tt->-0 



?7o (u) — 7exp(27r-\/^i/(po — Too)) < Ci\u\'^^ . The following 



Lemma 6.19 Let denote the support o/Cok((7a,Q ~ t^P"-™"^ on C/r„.«- IfUr and are sufficiently small, 
we have a decomposition Z„ — Zu^ and positive constants C ande such that \'riQ\u) — r/i\ < C|m|^+™°+'^ 

for any rji £ Zu'' . I 

We set d :—l + mo/2. We consider the following sections of E° ® 

Hi{vo,i,u) := p(^u\'^{to - rio{u))^ Wo,idz 

M2(wo,i,w) := {ga^a - ^(dp(^\uf{To - ?7o(w)))) Vo,^ 

The tuple /i(fo.i, u) :— (/ii(f o.ii w)j /^2(wo,i5 '^)) induces a holomorphic section of Nahm(7'*i?i)p.o.cf By Lemma 
16.191 p{\u\'^(to — ?7o(u))) is constantly 1 around Z„. Hence, fi{vo.i,u) induces [wo^i]. 
By an elementary change of variables, we obtain the following for any S > 0: 

\fii{vo.,u)\l < J \pi\ufiTo-m{u)))f\ro\-'^'+'^\dzd^\\dwdw\ 
We also have the following: 

i^2{vo,,u)\l< [ [\dp{H'i^o'm{u)))Wo\-'^'+'^ ^ 



< C25|u|-2(''+5)-2(Po-™.-l)-2d ^ ^^^|y|-2(b+5+p.-™„/2) (93) 



Let us consider the case (o,a) = ({0},0). Note that A^(7'_i£;i)o,{o},o = ^(^)o,{o},o C Nahmo (T'* i?i ) . Let 
u e Nahmi+c('P*-Bi)o {o},o/^(^-i£'i)o,{o}.o fo^' — 1 < c < 0. We take v e "PcVo^joj.o which represents v. We 



Hence, we obtain the estimate ([91 



65 



naturally regard w as a C°°-section oi'Pc{Ei)(). Fix a sufficiently small number 6 > 0, and let p be a M>o-valued 
C°°-function on Cr such that p(t) = 1 if |r| < 6/2 and p(r) = if |r| > b. We obtain a C°°-section d[p{T)vdz) 
of 7'_i(£'i)o® By using H'^{T x P^,ZY(g)L_f ) — for any we can take a holomorphic family of C'^-forms 
k{() = K^{()dz + K^{C)dJw oiU ® ri°'"^ such that dE®L^^n{C) = d[p{T)vdz) . Then, p{T)vdz — k{() induces a 
holomorphic section 17 of Nahmi+c('P*-Bi) around P which induces ly in Nahmi+ci'P^, Ei) / N (U) . 
We consider the following sections: 

fJ,i{v,C) := {p{t) - 

M2(^;, C) := d{pir) - p{C'r)) (.go,{o},o - C)"'(^) 

Then, C) + P2{v, () — k{() induces the same section V. 
We have the following for any (5 > 0: 

/ \p,\l \dwdw\ <Cs I |r|-2(=+^)-4|drdr| < Cs\C\-^^'+^^''^ 

■I ' J\r\>A\C\ 

We also have the following: 

j \p,\i^ \dzdz\ <csj |5p(c-V)|^icr^irr^(^+^) < c.icr^(^+^+^) 

Because the support of d{p{T)v dz) is compact, we obtain / dvol = 0(|C|^'') for any S > 0, hy the 
argument in the proof of Lemma 16.171 We obtain jt'l^ < for any 6 > 0. Thus, we obtain 

Nahmi+c(^*-E'i)o.{o},o C Vi+cE, and the proof of Theorem 16. 121 is finished. I 

6.3 Kobayashi-Hitchin correspondence for L^-instantons 

6.3.1 Statements 

Let V*Ei be a good filtered bundle on (T x P^, T x {oo}) of degree satisfying the conditions (A3). (See ii5.4.5l 
for good filtered bundles.) 

Proposition 6.20 V*Ei is stable, if and only ifNahm^lV^Ei) is a stable filtered Higgs bundle. (See ^5.3.11 for 
the stability condition ofV^Ei.) 

Before going to the proof, we give a consequence. 

Theorem 6.21 We set Ei := {VaEi)\Txc- There exists a Hermitian- Einstein metric h of Ei on T x C such 
that (i) its curvature is L"^ with respect to h and the Euclidean metric, (ii) it is adapted to the filtered bundle 
El . Such a metric is unique up to the multiplication of a positive constant. 

Proof By Proposition lOOl Nahm(7'*£;i) is stable. By Corollary[522 we have degNahm(7'*-Bi) = deg(7'*£;i) = 
0. By Corollary 15.301 Nahm(7'*£'i) is a good filtered Higgs bundle. Hence, by the Kobayashi-Hitchin corre- 
spondence for wild harmonic bundles on curves [7], we obtain an adapted harmonic metric for Nahm(7^*i?i). Its 
Nahm transform induces a Hermitian- Einstein metric of Ei adapted to the filtered bundle V^Ei, by Theorem 
leTH and Proposition [53T] I 

Remark 6.22 This proof of Theorem \G.'21\ is based on the idea mentioned in Remark 5.13 o/ [5^. I 

6.3.2 Proof of Proposition [QOl 

Let us prove the "if" part in Proposition 16.201 Suppose Nahm(P*i?i) is stable. By the Kobayashi-Hitchin 
correspondence for wild harmonic bundles on curves (see also [55] for the case of good filtered flat bundles), 
we have an adapted harmonic metric for Nahm{V*Ei). By Theorem 16. Ill its Nahm transform gives an adapted 
Hermitian-Einstein metric for V*Ei. By Corollary 14.41 V*Ei is polystable. If it is not stable, the decomposition 
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into the stable components induces a decomposition of Nahm(7-'*i?i), which contradicts with the stability of 
Nahm{V^Ei). Hence, V^Ei is stable. 

Let us show the "only if" part in Proposition [OOl Let {V^E, 9) Nahm(7'*£;i). Let {V^E' , 9') C [V-^E, 9) 
be a strict filtered Higgs subbundle. We obtain a subcomplex C'{V^E', 9') C C'{V^E, 9) on T"^ xT x P^. Let 
3^* ~ (3^" — > 3^^) be the quotient complex. 

Lemma 6.23 The induced morphism R^p2'i*{C*{V*E' ,9')) — > R^p23*{C'{'P*E,9)) is injective. 
Proof By the construction, 3^° is locally free. Hence, we obtain that i?"p23*3^° is torsion-free. Because 

R'p23*{r) ^ R%23J° 

is injective, we obtain that i?"p23*3^* is torsion-free. On a small neighbourhood J7 C of oo, we have 
R'p23*{C*{r.,E',9')) = R'p23*{C'iV^E,9)) = unless i = 1. It is easy to check that 

i?Wr(P.i?',0'))|T,{^} R'P23.{C'{V.E,9))^^^^^^ 

is injective. Hence, R^p23*iC' {V*E' ,9')) ^^^jj — > R^p23*{C*{V*E,9)) ^^^^^ is injective. Because 

R%23*y' R^P23*{C'{V.E',9')) R^p23.{C'{V.E,9)) 

is exact, we obtain R°p23*y' = 0, and i?V23* {C'{V^E', 9')) — > R^p23* {C'{V^E, 9)) is injective. I 

We define the parabohc structure of R^p23*{C'{V*E' ,9')) as in t j5.2.1l The filtered bundle is denoted by 
P*Vi. We have a naturally defined injective morphism V^.Vi — !• V^.Ei. Hence, we have deg(7-'*Vi) < 0. By the 
argument in 15.2.21 we obtain 

/ ci{V,Vi)ujT- [ ci{R^p23*C'{P,E',9'))ujT ^deg{V,E') 

Because R'^p23*C*{V*E' , 9') is a torsion sheaf, we obtain /p^pi ci(i?^P23*C*(P*£", 9'))ujt > 0. Hence, we obtain 
deg{V*E') < 0, i.e., {'P*E,9) is semistable. 

We have (V^E', 9') C {V*E, 9) such that {V^E' , 9') is stable of degree 0. If {V*E' , 9') has no singularity, it is 
isomorphic to with a Higgs field adC, {a G C), and hence R^p23*C' {V^,E' . 9') is a non-zero torsion subsheaf 
of El, which contradicts with Lemma [6. 231 Therefore, {V^,E' , 9') has a singularity, and Nahm*(7^*i?', 9') 7^ is 
a good filtered subbundle of V^Ei. By the stability of V^.Ei, we have rank Nahm* (T'* i?' , 9') = ranki^i. Because 
degNahm* (T'^ii^'. 9') — deg{'P^,E), we have Nahm*(7-'*i?', 9') = V^.Ei in codimension one. Because both of them 
are filtered bundles, we have Naiim.,{r.,E' ,9') = V.,Ei on T x P^. Then, we obtain {'P*E\9') = {V^E,9) by 
the involutivity of the algebraic Nahm transforms. I 
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